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EXCEPTIONAL AND COSMETIC SURGERIES ON
KNOTS
RYAN BLAIR, MARION CAMPISI, JESSE JOHNSON, SCOTT A. TAYLOR,
AND MAGGY TOMOVA
Abstract. We show that the bridge distance of a knot determines
a lower bound on the genera of essential surfaces and Heegaard sur-
faces in the manifolds that result from non-trivial Dehn surgeries
on the knot. In particular, knots with high bridge distance do not
admit non-trivial non-hyperbolic surgeries or non-trivial cosmetic
surgeries. We further show that if a knot has bridge distance at
least 3 then its bridge number is bounded above by a function
of Seifert genus, or indeed by the genus of (almost) any essential
surface or Heegaard surface in the surgered manifold.
1. Introduction
We begin with a very brief summary of some of the highlights in the
paper for easy reference. In the next section we explain the origin and
significance of these results in greater detail.
The main goal of this paper is to show that the genera of essential
surfaces and Heegaard surfaces in a manifold obtained by Dehn surgery
on a knot L are bounded below by a certain function of the bridge
distance of L. The bridge distance of a knot L in a 3-manifold M , like
the bridge number b(L), is a non-negative integer invariant of knots in
3-manifolds. In fact, there are two slightly different measures of bridge
distance, dC and dAC; we consider both of them.
The lower bound provided by bridge distance shows that a knot with
high bridge distance does not admit exceptional or cosmetic surgeries.
In particular, we make significant progress towards solving the Cabling
Conjecture by showing that if L ⊂ S3 has a reducing surgery then
dC(L) ≤ 2 (assuming b(L) ≥ 6). In [7], we give a characterization of
knots L ⊂ S3 with dC(L) = 2. Combined with the fact that if a knot
L ⊂ S3 has dC(L) = 1 then it has an essential tangle decomposition
[26], this gives a detailed description of any potential counterexample to
the conjecture. On a related note, we show that the Berge Conjecture
(concerning knots with lens space surgeries) is true for all knots L ⊂ S3
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with dC(L) ≥ 5. The following theorem provides a summary of these
and related results.
Main Theorem. Let M be a closed, orientable, irreducible manifold
and suppose that L ⊂ M is a knot whose exterior is irreducible and
∂-irreducible. Then:
(1) If M = S3, b(L) ≥ 6, and dC(L) ≥ 3, then L does not admit a
reducible surgery.
(2) If M = S3, b(L) ≥ 7, and dC(L) ≥ 3, then L does not admit a
toroidal surgery.
(3) If M = S3 and dC(L) ≥ 5, then L does not admit a lens space
surgery.
(4) If M = S3 and dC(L) ≥ 7, then L does not admit a small Seifert
fibered space surgery.
(5) If M is hyperbolic and if L is a knot with dC(L) ≥ 13, then ev-
ery non-trivial surgery on L produces a hyperbolic 3-manifold.
(6) If M has Heegaard genus g ≥ 1, and dC(L) ≥ 4g+5, then every
surgery on L produces a 3-manifold of Heegaard genus at least
g + 1.
(7) If dC(L) ≥ 7, then L does not admit a non-trivial surgery pro-
ducing S3.
Remark 1.1. Conclusions (1) and (2) can be found in Theorem 8.5.
Conclusions (3) - (6) are contained in Theorem 8.3 below. Conclusion
(7) can be found in Corollary 8.4.
In fact, it turns out that there is a surprising relationship between
bridge number, bridge distance, and the genera of essential surfaces in
the knot exterior. Using this relationship, we also exhibit a startling
connection between the Seifert genus and bridge number of a knot of
high bridge distance:
Theorem 8.6. Suppose that L is a knot in a homology sphere with
irreducible and ∂-irreducible exterior. If dC(L) ≥ 3, then
b(L) ≤ 4g(L) + 2
where g(L) is the Seifert genus of L.
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2. Background and results
Every link L in a 3-manifold M can be put into bridge position
with respect to a minimum genus Heegaard surface H for M [12]. The
bridge number of L is a well-studied, natural number invariant of the
link (see Section 3.2 below). As with Heegaard splittings [28], almost
every bridge surface can be uniquely assigned a non-negative integer
called “distance” (see Section 3.6). In an effort to provide the strongest
possible results, we study two related notions of distance. Both of our
notions of distance are minor variations of those introduced by Saito
[48] and Bachman-Schleimer [1]. The distance in the curve complex
dC(L) will be defined to be the supremum of the distances among min-
imal bridge surfaces as measured in the curve complex. This distance
dC(L) is a link invariant lying in Z∪ {−∞,∞}. It turns out, as we ex-
plain below, that (after adding the assumptions that M is irreducible,
that L is a knot, and that if M = S3, then b(L) ≥ 3) we actually
have dC(L) ∈ N. Similarly, the distance in the arc and curve complex
dAC(L) will be defined to be the supremum of the distances among min-
imal bridge surfaces as measured in the arc and curve complex. Like
distance in the curve complex, dAC takes values in N for most knots
in irreducible 3-manifolds. As we will be producing upper bounds on
quantities involving distance, we note that there exist knots and links
of arbitrarily high distance [6, 31, 35]. Indeed, if the well-known anal-
ogy between bridge surfaces and Heegaard surfaces continues to hold,
high distance knots are likely “generic” [38, 39]. Finally, we note that
work of Hayashi-Shimokawa [24] and Taylor-Tomova [54] give a use-
ful decomposition theorem for links L with dC(L) = 1; Saito gives a
classification of (1,1) knots L ⊂ S3 with dC(L) ≤ 2; and we [7] give a
detailed description of knots L ⊂ S3 with dC(L) = 2.
Although bridge number and distance are independent of each other,
we find a surprising relationship between their product and the genus of
surfaces in 3-manifolds obtained by Dehn surgery on L. More precisely,
we show:
Theorem 2.1. Suppose that L is a knot with irreducible and ∂-irreducible
exterior in a closed, orientable 3-manifold M . Let M ′ be the result of
non-trivial Dehn surgery on L. Let S ⊂ M ′ be a closed connected
orientable surface of genus g. Then the following hold:
(1) If S is an essential surface and if ∆ is the surgery distance,
then either there is a closed essential surface of genus g in the
exterior of L or
∆b(L)(dAC(L)− 2) ≤ max(1, 4g − 2)
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(2) If S is a Heegaard surface, then one of the following holds:
• b(L)(dAC(L)− 2) ≤ max(1, 2g)
• There is a Heegaard surface of genus g for the exterior of
L
• M contains an essential surface of genus strictly less than
g which intersects L at most twice.
• M(L) contains an essential surface of genus at most g− 1
and L∗, the surgery dual to L, is isotopic into the surface.
Furthermore, the dual surgery on L∗ creating M from M ′
has surgery slope equal to the slope of the boundary of the
surface after L∗ has been isotoped to lie in it.
The first conclusion is proved as part of Theorem 5.3 and the second
as part of Theorem 7.1. Refinements of the bounds in Theorem 2.1
give very strong bounds on the distance and bridge numbers of hyper-
bolic knots L with exceptional or cosmetic surgeries. We explore these
consequences, and others, in the subsections which follow.
2.1. Cabling Conjecture. The Cabling Conjecture [19] asserts that
if a knot in S3 has a reducing surgery, then the knot is a cable knot
and the slope of the surgery is the slope of the cabling annulus. The
conjecture has been shown to hold for many classes of knots including
satellite knots [49], symmetric knots [13, 24, 37], persistently laminar
knots [9, 10], alternating knots [40], many knots with essential tangle
decompositions [25], knots where a surgery produces a connected sum
of lens spaces [17], knots with bridge number at most 4 [30], and knots
that are band sums [53]. In this paper, we show knots L with b(L) ≥ 6
and dC(L) ≥ 3 satisfy the Cabling Conjecture (see Main Theorem, part
1).
This puts strong restrictions on any potential counterexample to
the Cabling Conjecture. For, suppose that a counterexample L ⊂ S3
exists. Hoffman [29] showed that b(L) ≥ 5 and, in [30], claims he
has also proved (in unpublished notes) that b(L) ≥ 6. Grove [18]
has recently extended Hoffman’s work and has proven that b(L) ≥ 6.
Our result, together with Hoffman and Grove’s results, reduces the
Cabling Conjecture to studying knots with dC(L) ≤ 2. Cable knots
have distance at most 2, so we have substantial new evidence for the
Cabling Conjecture. In fact, it suggests a program for proving the
Cabling Conjecture: First, prove it for knots L with dC(L) = 1 (which
is partially done by Hayashi [25], since such knots have an essential
tangle decomposition). Second, prove it for knots L with dC(L) = 2.
Such knots have been extensively studied in [7].
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2.2. Toroidal surgeries. A characterization of hyperbolic knots in
S3 having toroidal surgeries is more elusive and examples are easily
constructed by considering knots lying on knotted genus two surfaces in
S3. Additionally, many other examples of knots with toroidal surgeries
are known (e.g. [14,55]). It is known that the surgery slope of a toroidal
surgery must be integral or half-integral [21] and the punctured torus
in the knot exterior can be assumed to have no more than 2 boundary
components [22]. Furthermore, in the case when the surgery slope is
non-integral, the knot must be a “Eudave-Mun˜oz knot” [23]. We show
that no hyperbolic knot L ⊂ S3 with b(L) ≥ 7 and dC(L) ≥ 3 has a
surgery producing a toroidal 3-manifold (see Main Theorem, part 2).
2.3. Berge Conjecture. The Berge Conjecture (cf. [36, Problem 1.78])
states that every knot in S3 with a lens space surgery is doubly primi-
tive with respect to a genus two Heegaard surface for S3. Recently, a
number of research programs to prove the Berge Conjecture have been
proposed and partially completed. In [4], a two step program using
knot Floer homology is outlined and the first step of the program is
completed in [27]. In [57], the first step in a three step program is
completed that would result in the proof of the Berge Conjecture for
tunnel number one knots. We show that no surgery on a knot L ⊂ S3
with dC(L) ≥ 5 produces a lens space (see Main Theorem, part 3.)
2.4. Small Seifert fibered spaces and other exceptional surg-
eries. Using the fact that small Seifert fibered spaces have Heegaard
genus at most 2 [8], we show that no non-trivial surgery on a knot
L ⊂ S3 with dC(L) ≥ 7 produces a small Seifert-fibered space (see
Main Theorem, part 4.)
Theorem 8.3 also gives a version of these results for hyperbolic knots
in other 3-manifolds. It uses the Geometrization Theorem [42–44] to
show that a knot L in a hyperbolic manifold with dC(L) ≥ 13 does not
have any non-hyperbolic surgeries.
Knots of distance at most 12 are certainly plentiful. But, as long as
the distance of a hyperbolic knot L admitting an exceptional surgery
is at least 3, we can also often bound b(L). We show (Corollary 8.7)
that if L ⊂ S3 has b(L) ≥ 9 and dC(L) ≥ 3 and has tunnel number at
least 2, then L admits no non-hyperbolic surgery.
2.5. Heegaard genus. Hyperbolic knots not only have very few ex-
ceptional surgeries, they also have very few cosmetic fillings [5, Theo-
rem 1], i.e., distinct surgeries producing homeomorphic manifolds. A
cosmetic surgery on a knot is a non-trivial surgery returning the origi-
nal manifold. It is conjectured [36, Problem 1.81] that hyperbolic knots
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have no so-called “exotic” cosmetic surgeries. For example, Gabai [16]
showed that no non-trivial knot in S2×S1 admits a non-trivial cosmetic
surgery. Gordon and Luecke’s solution to the knot complement con-
jecture shows that non-trivial knots in S3 also admit no cosmetic surg-
eries [20]. The article [5] gives good introduction to cosmetic surgery.
We show:
Theorem (Theorem 8.3(4) and Corollary 8.7). Assume that M is
closed, orientable, irreducible and has Heegaard genus g. Let L ⊂ M
be a knot with irreducible and ∂-irreducible exterior. If
dC(L) ≥ max(7, 4g + 5)
then L does not admit non-trivial cosmetic surgeries. Furthermore,
if M is non-Haken, if M(L) does not contain an essential surface of
genus at most g − 1, if dC(L) ≥ 3, and if b(L) ≥ 2g + 5, then L also
does not admit a non-trivial cosmetic surgery.
In particular, as stated in the Main Theorem, part (7), a knot L with
irreducible and ∂-irreducible exterior and with dC(L) ≥ 7 admits no S
3
surgery. This stops short of giving a new proof of the Gordon-Luecke
result, but does constrain knots in other manifolds having S3 surgeries.
Our theorem is proved by using the Heegaard genus of a manifold
resulting from Dehn surgery on L to bound the bridge distance and
bridge number of L. Many authors (eg. [15, 41, 45, 46]) have studied
the effect of Dehn surgery on Heegaard surfaces. Most of them have
fixed a knot and studied the Heegaard genera which can result from
surgery on the knot, often producing an inequality relating surgery
distance to Heegaard genus. That is, they show that given a knot,
most slopes do not admit Heegaard genus decreasing surgeries. On the
other hand, we show that most knots do not admit Heegaard genus
decreasing surgeries. A philosophy similar to the one presented in the
current paper is evident in the recent paper by Baker, Gordon, and
Luecke [2] that relates surgery distance, knot width, and the Heegaard
genus of the surgered 3-manifold for certain knots in S3.
2.6. Genus and bridge number. As a final application, we consider
the relationship of Seifert genus to bridge number.
In general, the Seifert genus and the bridge number of a knot L ⊂
S3 are unrelated. For example, let J be a non-trivial knot and let
Kn be the n-th Whitehead double of J . The knots Kn each have
Seifert genus 1, but have bridge number going to infinity with n [51,52].
Hyperbolic examples of this phenomena can likely be constructed using
recently developed machinery of Baker, Gordon, and Luecke [3]. In
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stark contrast, this cannot occur when the knots have bridge distance
at least 3:
Theorem 8.6. Suppose that L is a knot in a homology sphere M with
irreducible and ∂-irreducible exterior. Then either dC(L) ≤ 2 or
b(L) ≤ 4g(L) + 2,
where g(L) is the Seifert genus of L.
2.7. Structure of the paper. In Section 3 we introduce relevant def-
initions and background results. In Section 4, we bound quantities
involving bridge number and bridge distance of a bridge surface for
a knot in terms of the genus of surfaces S in the knot exterior that
admit desirable embeddings. In Section 5, we apply these bounds in
the case when S is an essential surface. In Section 6, we analyze the
graphic associated to the simultaneous sweepouts by two differently
sloped Heegaard surfaces. In Section 7 and Section 8, we apply the
bounds when S is a Heegaard surface for the surgered manifold (what
we call an alternately sloped Heegaard surface).
3. Definitions
If X is a properly embedded submanifold of M , we let η(X) denote
a closed regular neighborhood of X and we let η˚(X) denote the interior
of the closed regular neighborhood (which is, therefore, an open regular
neighborhood.) The boundary of η(X) is equal to ∂η(X) = η(X)\η˚(X)
and the frontier of η(X) is equal to ∂η(X) \ ∂M . Thus the frontier of
a regular neighborhood of properly embedded disk in a 3-manifold M
consists of 2 disks while the boundary is a 2-sphere. The notation |X|
indicates the number of components of X . If L is a 1-manifold in M ,
then M(L) denotes the exterior M \ η˚(L) of L. We let ∂0M(L) = ∂M
and ∂LM(L) = ∂M(L)\∂0M(L). Usually we will make the convention
that if T ⊂ M is a surface transverse to L, then T (dropping the bar)
is the surface T ∩ M(L). We consider the points T ∩ L as marked
points on T , and when we switch to considering T , the marked points
correspond to boundary components of T .
Suppose that F is a properly embedded compact orientable surface in
a 3-manifoldM which is transverse to a properly embedded 1-manifold
L. A simple closed curve in F is an essential curve in F if it is disjoint
from the marked points, does not bound a disc in F having exactly 0
or 1 marked points, and is not parallel to a component of ∂F in the
complement of the marked points. Similarly, suppose that α ⊂ F is
one of the following:
EXCEPTIONAL SURGERIES 8
• an embedded arc α ⊂ F with endpoints on the union of ∂F and
the marked points, having interior disjoint from the marked
points, and for which there is no subarc β ⊂ ∂F such that
∂β = ∂α and α ∪ β bounds a disc in F containing no marked
points.
• an embedded simple closed curve in F intersecting exactly one
marked point and which does not bound a disc in F having no
marked points in its interior.
Then we call α an essential arc in F . There is a natural bijection
between essential curves and arcs in F and those in F .
For a surface F ⊂M transverse to L, a compressing disc D for F is
a disc embedded in M , with interior disjoint from F ∪ L, and having
boundary an essential curve on F . If there is a compressing disc for F ,
then F is compressible. Otherwise, F is incompressible. A disc D ⊂ M
with embedded interior disjoint from L ∪ F and whose boundary is
the endpoint union of an arc in ∂M ∪ L and an essential arc α in F
is called a ∂-compressing disc for F . Abusing terminology slightly, we
say that α bounds the disc D. If there is a ∂-compressing disc for F
then we say that F is ∂-compressible and if there is no such disc then
F is ∂-incompressible. Observe that F is compressible if and only if F
is compressible in M(L) and that F is ∂-compressible if and only if F
is ∂-compressible in M(L).
A surface F properly embedded in a 3-manifold N is an essential sur-
face if it is incompressible, not boundary parallel, and not a 2–sphere
bounding a 3-ball. Unless explicitly stated otherwise, all essential sur-
faces will be surfaces without marked points (but could have non-empty
boundary).
If V is a union of tori then a multislope σ in V is an isotopy class
in V of a union of essential curves, one in each component of V . If
V ⊂ ∂N and if F ⊂ N is a properly embedded surface, we say that
F defines a σ-slope in V (and that F is σ-sloped) if σ is represented
by the union of components of ∂F ∩ V . If σ and τ are multislopes in
V , their intersection number, denoted ∆(σ, τ), is calculated by taking
the minimum intersection number (over all components of V ) between
minimally intersecting representatives of σ and τ in a single component
of V . In particular, if ∆(σ, τ) > 0 then the slopes are distinct in every
component. The result of Dehn filling N =M(L) along the multislope
σ is denoted M(L)(σ). When L and σ are clear from context, we will
useM ′ instead ofM(L)(σ) to avoid cumbersome notation. The surgery
distance between M(L)(σ) and M(L)(τ) is the value of ∆(σ, τ). When
σ and τ are understood, we will simply write ∆.
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3.1. Heegaard splittings. A handlebody is a compact 3-manifold home-
omorphic to a closed regular neighborhood of a finite graph G embed-
ded in R3. A compressionbody C is a connected 3-manifold homeo-
morphic to any component of a regular neighborhood in a orientable
3-manifold N of G∪ ∂N , where G is a properly embedded finite graph
in N (i.e., ∂N ∩ G consists only of vertices of G). We allow G to be
empty and thus a compressionbody may be a regular neighborhood of a
surface, i.e., a product. If G is disjoint from ∂N , then every component
of η(G) is a handlebody, so handlebodies are examples of compression-
bodies. The intersection C ∩ ∂N is called the negative boundary of C
and is denoted ∂−C. We call ∂+C = ∂C \ ∂−C the positive boundary
of C. There is a collection D of properly embedded, pairwise disjoint,
discs in C with boundary on ∂+C such that the result of ∂-reducing
C using D is isotopic to ∂−C × I (where I is the interval [0, 1]). This
product ∂−C × I is not uniquely defined as it depends on the choice
of discs D, but it is an embedded (though not properly embedded)
submanifold of C.
A Heegaard splitting for a 3-manifoldM is a triple (H,H↓, H↑) where
H is a connected, closed, embedded, separating surface and H↓, H↑ are
compressionbodies with disjoint interiors such thatM = H↓∪HH↑ and
H = ∂+H↓ = ∂+H↑. The surface H is called a Heegaard surface.
3.2. Bridge surfaces. The terminology presented in this section is an
adaptation of that used by various authors including Hayashi-
Shimokawa [26], Scharlemann-Tomova [50], and Taylor-Tomova [54].
Let H be a Heegaard surface for a compact, orientable manifold
M transverse to a properly embedded 1-manifold L. H is a bridge
surface for (M,L) if, for each compressionbody C which is the closure
of a component of M \ H , the arcs L ∩ C can be properly isotoped
(relative to their endpoints) so that each either lies in H or is vertical
in ∂−C×I where, as above, ∂−C×I is the result of ∂-reducing C using
some collection D of properly embedded, pairwise disjoint, discs in C
which are disjoint from L and have boundary on ∂+C.
If H is a bridge surface for (M,L) and if α is the closure of a com-
ponent of L \H , then either α has both endpoints on H or α has one
endpoint on H and one on ∂M . In the former case, α is a bridge arc
and in the latter case α is a vertical arc. For each bridge arc α in C,
there is an arc β in H having the same endpoints as α and with interior
disjoint from L so that α ∪ β bounds a disc in C with interior disjoint
from L. Such a disc is called a bridge disc for α. Note that a bridge
disk is a boundary compressing disc for H . If H is a bridge surface for
(M,L), we say that L is in bridge position with respect to H .
EXCEPTIONAL SURGERIES 10
If H is any bridge surface for (M,L), we define the bridge number
b(H) = b(H) = |H ∩L|/2. The bridge number b(L) of a knot L ⊂M is
the minimum value of b(H) taken over all minimal genus bridge surfaces
of (M,L). On a related note, we will also need to use the following
notion: Assume H is a bridge surface for (M,L). For each component
K of L, count the number of intersections of H with K. Let bmin(H)
be half the minimum, taken over all components of L. Since H is a
bridge surface for (M,L), the number bmin(H) is a natural number and
if L is a knot then bmin(H) = b(H).
A bridge surface H is stabilized if there is a pair of compressing
discs D↓, D↑ on opposite sides of H such that ∂D↓ and ∂D↑ inter-
sect transversally and in a single point. A bridge surface H is weakly
reducible if there is a pair of disjoint compressing discs D↓, D↑ on op-
posite sides of H . A bridge surface, which is compressible to both sides
but is not weakly reducible is called strongly irreducible. A bridge sur-
face H is weakly ∂-reducible if there is a pair of disjoint bridge discs
or compressing discs on opposite sides of H . If H has bridge discs or
compressing discs on opposite sides but is not weakly ∂-reducible we
say it is strongly ∂-irreducible.
Two ways of being weakly ∂-reducible are particularly important to
us in the proof of Theorem 7.1. Suppose that a bridge surface H has
bridge discs D↓ and D↑ on opposite sides of H such that D↓ ∩ D↑ is
contained in L. If D↓ ∩ D↑ is a single point, then H is perturbed. If
D↓ ∩D↑ is two points, then H is cancellable and the component K =
L ∩ (∂D↓ ∪ ∂D↑) is called a cancellable component of L. It is possible
that there are multiple cancellable components. If H is perturbed,
isotoping H across either D↑ or D↓ produces a new bridge surface for
(M,L) intersecting L two fewer times. If H is cancellable and if K is
a cancellable component, we may isotope H in a regular neighborhood
of D↓ ∪ D↑ to contain K. We call the surface R resulting from this
isotopy a cancelled bridge surface and set R = R ∩M(L). We will say
more about these surfaces later. It is easy to see that a bridge surface
which is weakly ∂-reducible is either weakly reducible, perturbed, or
cancellable.
We say that a component K of L is removable if K is cancellable
with cancelling discs D↓, D↑ and there is a compressing disc D disjoint
from one of D↓, D↑ and intersecting the other transversally in a single
point in its boundary. In this case we also say that the bridge surface
H is removable. If a component K ⊂ L is removable, the surface H can
be isotoped in a regular neighborhood of D ∪D↓ ∪ D↑ to be a bridge
surface for (M \ η˚(K), L \K). See [50] for more details.
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As usual, if H is stabilized, weakly reducible, etc. then we say that
H = H ∩M(L) is as well.
3.3. Thin position. Ever since Gabai’s introduction [16] of thin po-
sition, it has been an extremely useful tool in studying knots and 3-
manifolds. We use a version of thin position due, in its original form,
to Hayashi and Shimokawa [24]. Here are the relevant definitions and
results.
Let (F ,S) ⊂ M be a pair of (not necessarily connected) orientable,
closed, properly embedded surfaces transverse to L. Then (F ,S) is
a multiple bridge surface [24] for (M,L) if F is separating, in each
component Mi of M \ η˚(F) there is a unique component of S, and that
component is a bridge surface for (Mi,Mi∩L) and for each component
of S there is such an i. We call the collection F the thin surfaces
and the collection S the thick surfaces. Since each thick surface is a
bridge surface for a component of M \ η˚(F ), we will apply the terms
“stabilized”, “weakly reducible”, etc. to the thick surfaces as necessary.
Taylor and Tomova [54] (generalizing work of Hayashi-Shimokawa)
prove a more general version of the following theorem.
Theorem 3.1. Let L ⊂ M be a link in a closed, orientable 3-manifold
such that M(L) is irreducible and no sphere in M intersects L transver-
sally exactly once. Suppose that H is a genus g bridge surface for
(M,L) which is not removable, perturbed, or stabilized. Then there is
a multiple bridge surface (F ,S) for (M,L) such that all of the following
hold:
(1) Each component of F = F ∩M(L) is essential in M(L).
(2) Each component of S is a strongly irreducible bridge surface
for (M0, L ∩M0) where M0 is the component of the closure of
M \ η˚(F) containing it.
(3) Each component J of S ∪ F has genus no greater than g and
intersects L no more than |H ∩ L| times and is obtained by
compressing H in M(L). Furthermore, if F is non-empty, at
least one compression of H is necessary to form any component
of F ∪ S.
(4) No component of S is perturbed or removable in its component
of the closure of M \ η˚(F).
(5) Each component of S is separating in M .
Proof. Conclusions (1) and (2) follow directly from [54, Corollary 9.4]
applied with K = H, T = L, and Γ = ∅. Conclusions (3) and (5)
follow from the definition of “thinning” given in [54]. Conclusion (4)
follows from [54, Lemma 6.3]. 
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Remark 3.2. As stated above, Theorem 3.1 might also follow from the
work of [24], although it is not immediately clear that all of Hayashi
and Shimokawa’s thin surfaces are essential. It is also similar to Camp-
isi’s theorem in [11] which develops thin position for sloped Heegaard
splittings (see below). Her theorem, however, also does not guarantee
that all thin surfaces are essential.
The next lemma records, for later reference, some properties of a
cancelled bridge surface.
Lemma 3.3. Let L ⊂ M be a link in a closed, orientable 3-manifold
such that M(L) is irreducible and no sphere in M intersects L transver-
sally exactly once. Let (F ,S) be a multiple bridge surface for (M,L)
satisfying conclusions (1), (2), (4), and (5) of Theorem 3.1. Suppose
that a component J ⊂ S is a cancellable bridge surface for (M0, L∩M0)
where M0 is the closure of the component of M \ η˚(F) that contains J .
Let K be a cancellable component of L ∩M0 and let R be a cancelled
bridge surface obtained by isotoping J to contain K. Then all of the
following hold:
• Let ρ and τ be slopes in ∂η(K) defined by ∂R and ∂J , respec-
tively. Then ∆(ρ, τ) = 1.
• R is an essential surface in M(L).
• The sum of the genera of the components of R is equal to g(J)
if R disconnected and equal to g(J)− 1 if R is connected.
• If K = L, then one of the following happens:
(1) after Dehn filling ∂η(K) ⊂ ∂M(L) with slope ρ and capping
∂R with discs, we obtain an incompressible surface in the
filled manifold.
(2) K is isotopic into a component F of F . Furthermore, in
M , F and J bound a product compressionbody.
Proof. Suppose that D↓ and D↑ are bridge discs for the cancellable
component K ⊂ ∂D↓ ∪ ∂D↑. We can obtain R by simultaneously
boundary compressing J using the discs D↓ and D↑. Since these discs
each intersect a component of ∂J exactly once, each component of ∂R
in ∂η(K) intersects a meridian of K exactly once. This is the first
claim.
Suppose that E is a compressing disc for R. Since E is disjoint from
K, we can assume E is fixed by the isotopy taking R to J and that E
is disjoint from D↓ ∪D↑.
Suppose ∂E is inessential in J , then ∂E bounds a disc in R that is
disjoint from L. Since E is disjoint fromD↓∪D↑ andK ⊂ D↓∪D↑, then
D↓∪D↑ is disjoint from the disc ∂E bounds in J . Thus, ∂E is inessential
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in R, a contradiction to the fact that M(L) is ∂-irreducible. Hence, E
is a compressing disc for J . Since by assumption F is incompressible
(or empty), we may isotope E to lie in M0. Since one of D↓, D↑ is on
the opposite side of J from E and since E is disjoint from D↓∪D↑, then
J is weakly reducible, a contradiction to our assumption that the thick
surfaces satisfy the conclusions of Theorem 3.1. Therefore R must be
incompressible.
Suppose that E is a boundary compressing disc for the incompress-
ible surface R. Since ∂R lies in torus components of ∂(M(L)), this
implies that R is a boundary parallel annulus. Hence, L = K is a knot.
Moreover, J is obtained from R by attaching the annulus η(K)∩J and
so J is a torus and K can be isotoped to lie on this torus. In fact, E
is a compressing disc for L intersecting one of D↓ or D↑ exactly once.
Hence, J is removable, a contradiction to our Conclusion (4) of Theo-
rem 3.1. We conclude that R is an essential surface in M(L). This is
the second claim.
The loop K in J is either separating or non-separating. If it is non-
separating, then R is connected and has genus one less than the genus
of J . If K is separating, then R has two components and their genera
add up to the genus of J by the additivity of Euler characteristic. This
is the third claim.
Suppose that K = L. SinceM(L) is irreducible and ∂-irreducible, K
is an essential loop inR. By Conclusion (5) of Theorem 3.1, R separates
M . Suppose that R is compressible to both sides inM . Recall from the
second claim that R is incompressible inM(L). Hence, the Jaco handle
addition theorem [32], applied to the 3-manifolds on either side of R,
implies that R(ρ) is incompressible in M(L)(ρ). This is Conclusion
(1). Assume, therefore, that R is incompressible to one side. Since
M is closed and since R is isotopic in M0 to J ⊂ S, there must be a
component F ⊂ F which bounds a product compressionbody with R.
Isotoping K through the product compressionbody puts it in F . This
is Conclusion (2). 
3.4. Sloped Heegaard surfaces. Rather than working with a (3-
manifold, link) pair (M,L), it is often advantageous to work entirely in
the exterior of the link. To that end, we follow Campisi [11] and define
the notion of a “sloped Heegaard surface”. The definition of a “sloped
Heegaard surface” used in [11] is different from the definition we give
here, however, one can verify that they are equivalent (but we will not
use that fact).
EXCEPTIONAL SURGERIES 14
Definition 3.4. Let N = M(L) and let ∂LN = ∂N \ ∂M and let σ
be a multislope in ∂LN . Let L
∗ be the cores of the attaching solid
tori for M(L)(σ). Meridians of L∗ correspond to the slopes of σ. A
sloped Heegaard surface for N of slope σ is the restriction of any bridge
surface for (M(L)(σ), L∗) to N . We will denote this sloped Heegaard
surface by S where S is the restriction of the bridge surface S to N .
We let S↓ and S↑ be the restrictions of the compressionbodies S↓ and
S↑ to N .
Similarly, a sloped generalized Heegaard surface for N of slope σ is
the restriction of any multiple bridge surface (F ,S) for (M(L)(σ), L∗)
to N . We will denote this sloped Heegaard surface by (F ,S) where
F = F ∩N and S = S ∩N . We refer to the components of F as thin
surfaces and the components of S as thick surfaces. We define each
component of S to be a sloped Heegaard surface for the component of
N \ η˚(F) containing it.
Remark 3.5. In what is to follow, T will also often denote a sloped
Heegaard surface. Also note that if S is a sloped Heegaard surface for
N , then the entire boundary of S lies in ∂LN .
3.5. Sweepouts. Suppose that C is a compressionbody containing the
union L of bridge arcs and vertical arcs in C. Let C = C \ η˚(L). We let
∂±C = ∂±C \ η˚(L). A spine for (C,L) is an embedded graph G ⊂ C
defined as follows. G is the union of a properly embedded graphG0 ⊂ C
and a set of meridian loops µ on ∂η(L) such that the following hold:
• G0 is disjoint from ∂+C.
• If λ is a vertical arc of L, then µ is disjoint from η(λ).
• If λ is a vertical arc of L, then G0 is disjoint from η(λ).
• If λ is a bridge arc of L, then G0 has a single valence-one vertex
on ∂η(λ) and is otherwise disjoint from ∂η(λ).
• If λ is a bridge arc of L then there is exactly one component of
µ on ∂η(λ) and it contains the vertex of G0 on that component.
• The manifold C \ η˚(G0) is homeomorphic to ∂+C × I by a
homeomorphism φC which is the identity on ∂+C = ∂+C×{1}.
See Figure 1 for an example of a spine. We may extend φC to a map
φC : C → [0, 1] so that φC(∂−C ∪ G) = 0 and φC(∂+C) = 1 and for
each t ∈ (0, 1], the surface φ−1C (t) is isotopic to ∂+C. We call the map
φC a half-sweepout.
Definition 3.6. Suppose thatH is a sloped Heegaard surface forM(L)
inducing slope σ on ∂LM(L). Choose spines for (H↓, L ∩ H↓) and
(H↑, L∩H↑). Let φH↓ and φH↑ be the associated half-sweepouts. Define
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∂−C
L
L
η(L) η(L)
G0 G0
µ
Figure 1. On the left is an example of (C,L) where the
genus of ∂+C is one greater than the genus of ∂−C and
L is the union of a vertical arc and a bridge arc. On
the right, the spine is shown in thicker lines and, in the
online version of the paper, in blue.
φ : M(L)→ [0, 1] as follows:
φ(x) =
{
(φH↓(x))/2 if x ∈ H↓
1− φH↑(x)/2 if x ∈ H↑
Observe that φ has the properties:
• φ−1(0) is the union of a spine for (H↓, L ∩H↓) with ∂−H↓
• φ−1(1) is the union of a spine for (H↑, L ∩H↑) with ∂−H↑
• For all t ∈ (0, 1), the surface Ht = φ
−1(t) is properly isotopic
to H .
We call the map φ, and any small perturbation of φ, a sweepout of
M(L) associated to the surface H . To gain an informal understanding
of what a sweepout is, observe that if we pick spines G↑ and G↓ for the
compressionbodies on either side of a bridge surface H for (M,L), then
M(L) \ (G↑ ∪G↓) is homeomorphic to H × (0, 1) and the sweepout is
the projection onto the second factor. If µ is the union of the merid-
ional curves on ∂η(L) which belong to G↑ ∪ G↓, then we observe that
∂LM(L) \ µ corresponds to ∂H × (0, 1). For convenience, we extend
the sweepout φ to be defined on all of M(L) by sending G↓ to 0 and
G↑ to 1.
We can perform a similar construction for thick surfaces of sloped
generalized Heegaard surfaces. If (F ,S) is a sloped generalized Hee-
gaard surface for M(L), a component H ⊂ S is a sloped Heegaard
surface for the component M0 of M \ η˚(F) containing it. We can con-
struct a sweepout φ forM0 as above and we call φ a partial sweepout of
M(L). Each surface Ht for t ∈ (0, 1) can be canonically identified with
H using the proper isotopy induced by the sweepout as noted above.
When discussing isotopy classes of curves on Ht, we will often use this
identification to think of them as isotopy classes of curves on H .
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3.6. Distance. The curve complex C(T ) of a compact surface T ⊂ N is
the graph whose vertices are isotopy classes of essential simple closed
curves in T and whose edges span pairs of isotopy classes of curves
that have disjoint representatives. The curve complex of a compact,
connected, orientable surface is connected and infinite as long as the
surface is not a genus 0 surface with four or fewer boundary components
or a genus 1 surface with zero or one boundary components. Let PC
be the set of homeomorphism classes of compact, connected, orientable
surfaces with connected and infinite curve complex. If T ∈ PC, we make
the vertex set of C(T ) a metric space by defining the distance between
two vertices as the number of edges in the shortest edge path between
them.
If T is a sloped Heegaard surface, the disc sets D↑, D↓ in C(T ) are
the sets of vertices representing loops that bound compressing discs for
T in T↑ and T↓ respectively.
Definition 3.7. If T is a sloped Heegaard surface and T ∈ PC, the
distance dC(T ) is the distance in C(T ) between D↑ and D↓. If T 6∈ PC,
for convenience, we set dC(T ) = −∞. If T is a bridge surface for (M,L)
we define dC(T ) = dC(T ).
In other words, if T ∈ PC, the distance dC(T ) is the minimum n
such that there are essential simple closed curves γ0, γ1, . . . , γn in T
(considered as a surface with marked points) such that γ0 and γn bound
compressing discs for T lying below and above T respectively and so
that for all i, the curve γi can be isotoped to be disjoint from γi+1.
Remark 3.8. If T is a four punctured sphere or unpunctured torus,
the “Farey complex” is often used in place of the curve complex and a
distance is defined in the Farey complex instead. Much of what we do
should carry over to that setting, but for simplicity we consider only
distance in the curve complex.
Definition 3.9. Given (M,L) where M is a compact orientable 3-
manifold and L ⊂ M is a link, the distance dC(L) is the supremum of
the set {dC(T )} where T is a bridge surface for (M,L) realizing b(L)
(recalling our convention that only minimal genus Heegaard surfaces
in M can realize b(L)).
Remark 3.10. We observe that if L ⊂ S3 is the unknot or a 2-bridge
link, then dC(L) = −∞, as dC(T ) = −∞ when T is an annulus or planar
surface with four boundary components. If M 6= S3, or if M = S3
and b(L) ≥ 3, then dC(L) ≥ 0. If fact, it follows from [56] that if
M is a closed, orientable, irreducible 3-manifold and if L is a knot,
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then dC(L) < ∞ and the supremum is actually a maximum. That is,
there is a bridge surface whose distance realizes dC(L). To see this,
let T
′
be any fixed bridge surface for (M,L). Then for any other non-
equivalent bridge surface T , by [56] dC(T ) ≤ 2 − χ(T
′) where as usual
T ′ = T
′
∩M(L).
The arc and curve complex AC(T ) for a compact, orientable surface
T is defined similarly; it is the simplicial complex whose vertices are
isotopy classes of essential simple closed curves and essential properly
embedded arcs. Edges span pairs of disjoint arcs/curves. The arc and
curve complex is connected and infinite for any compact, connected,
orientable surface which is not a planar surface with three or fewer
boundary components or a genus 1 surface with no boundary compo-
nents. We let PAC be the set of homeomorphism types of compact,
connected, orientable surfaces which have infinite, connected arc and
curve complex.
As with the curve complex, we make its vertex set a metric space by
declaring each edge ofAC(T ) to have length one. Given a bridge surface
T of (M,L) with L ⊂M a link, the collection of boundary compressing
discs and compressing discs for T intersects T in essential arcs and
essential loops, respectively. These arcs and loops define vertices in
the arc and curve complex of T . The disc sets of AC(T ) are the sets
D↑, D↓ of vertices of AC(T ) defined by the isotopy classes of arcs and
circles in T arising from the boundary compressing and compressing
discs on the two sides of T .
Definition 3.11. If T ∈ PAC is a sloped Heegaard surface, the distance
dAC(T ) is the distance in AC(T ) from the set D↑ to the set D↓. If
T 6∈ PAC , for convenience, we set dAC(T ) = −∞. If T is a bridge
surface for (M,L), we let dAC(T ) = dAC(T ). We define dAC(L) to be
the supremum of the set {dAC(T )} for all bridge surfaces T for (M,L)
realizing b(L).
Remark 3.12. If L ⊂ S3 in the unknot, then dAC(L) = −∞; other-
wise, for a link L in a compact, orientable 3-manifold M , dAC(L) ≥ 0.
It follows from Lemma 3.14 below that if M is closed, orientable and
irreducible and if L ⊂M is a knot, then dAC(L) <∞.
In general, we can also define the distance between any two subsets
of C(T ) or AC(T ), as follows:
Definition 3.13. If T ∈ PC or if T ∈ PAC, the distance (in C(T )
or AC(T ) respectively) between two subsets is just the minimal path
distance between the subsets.
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Figure 2. The top row shows a path in AC and the
second row shows the induced path in C.
The following is a well-known relationship between dAC and dC.
Lemma 3.14. If T is a bridge surface with T ∈ PC, then
dAC(T ) ≤ dC(T ) ≤ 2dAC(T ).
Proof. Suppose that T ∈ PC. The first inequality is clear from the
definitions. Consider a minimal length path α = α1, α2, · · · , αn in
AC(T ) between disc sets in AC(T ). It has length n − 1. This path
induces a path β in C(T ) of length at most twice the length of α. Here
is the construction: If αi is represented by a loop, we let β2i−1 = αi.
If αi is represented by an arc, we let β2i−1 be the loop which is a
frontier in T of a regular neighborhood of an arc representing αi (so
that β2i−1 bounds in T a disc with two marked points). If β2i−1 and
β2i+1 are isotopically disjoint, we let β2i = β2i−1. If β2i−1 and β2i+1 are
not isotopically disjoint, then αi and αi+1 are represented by arcs in T
having disjoint interiors and sharing one or both endpoints. There is
an essential loop β2i which is disjoint from the arc representing both
αi and αi+1. The path β = β1, β2, . . . , β2n−1 is then (after replacing a
loop with its isotopy class) a path in C(T ) of length at most twice the
length of α. Since α1 bounds either a bridge disc or a compressing disc
on one side of T , β1 will bound a compressing disc on the same side of
T . Similarly, since αn bounds a bridge disc or compressing disc on the
other side of T , the loop β2n−1 will bound a compressing disc on that
same side. Hence, β is a path in C(T ) between the disc sets in C(T )
and so dC(T ) ≤ 2dAC(T ). 
In the proof of the previous lemma, we call β a path in C(T ) induced
by the path α in AC(T ). See Figure 2 for an example.
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It follows from Lemma 3.14 and our previous remarks that if L is a
knot in a closed, orientable, irreducible 3-manifold M then dAC(L) is
attained by dAC(T ) for some bridge surface T for (M,L).
4. Constructing paths
As before, let M be a compact, orientable manifold containing a
properly embedded link L and let N = M(L). Let S ⊂ N be a
properly embedded compact orientable surface that is not necessarily
connected. Let ∂LN be the non-empty union of all components of
∂N \ ∂M which have non-trivial intersection with ∂S. (In this section,
we do not require that ∂LN = ∂N \∂M .) Let S have boundary slope σ
on ∂LN and let T be a thick surface of a sloped generalized Heegaard
surface for N such that T has boundary slope τ on ∂LN . We assume
∆(σ, τ) > 0. We let ∂LS denote the components of ∂S lying in ∂LN
and we let ∂0S = ∂S \ ∂LS. We define ∂LT and ∂0T similarly for
consistency but note that ∂T = ∂LT as T is a thick surface of a sloped
generalized Heegaard surface for N .
In this section, we prove a result which is key to our distance bounds.
In order to apply the result in a number of different situations, we state
it as generally as possible. We begin with two definitions.
The first definition is essentially that of “Morse position” for the
surface S with respect to the sweepout by T . Given a sweepout
φ : M(L) → [0, 1], if S ⊂ M(L) is a properly embedded surface,
then we can perturb φ|S : S → [0, 1] to be a Morse function. Then
for all regular values t ∈ (0, 1), φ−1(t) ∩ S is a properly embedded
1–manifold in S. For t = {0, 1}, the set φ−1(t)∩S is the union of com-
ponents of ∂S ∩ ∂M(L) with the points where S intersects the spine
φ−1(t)\∂0M(L). In addition to the requirement that φ|S be Morse, we
need a few other constraints, one of which concerns the possibility of
φ|S having more than one critical point at a particular height. When S
is an essential surface, we need not worry about this. However, when
S is a thick surface we will need to use a “graphic” argument. That
argument requires us to consider the possibility that there may be two
critical points at some height, as in the definition below.
Definition 4.1. A (partial) sweepout φ of N with level surfaces Tt =
φ−1(t) is adapted to S if all of the following hold:
(1) ∂Tt intersects ∂S minimally for all t ∈ (0, 1).
(2) The restriction φ|S is Morse (i.e., has only non-degenerate crit-
ical points).
(3) For all but at most one critical value v in (0, 1), there is a unique
critical point of φ|S with critical value v.
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Figure 3. A schematic depiction of maximally essential
interval. The “x”s represent the critical values of φ|S.
(4) There may be a single critical value v ∈ (0, 1), such that there
are two critical points of φ|S with critical value v and there
are no critical values corresponding to more than two critical
points.
(5) If c1 and c2 are distinct critical points of φ|S with the same
height v, then, for sufficiently small values of ǫ, after canonically
identifying Tv−ǫ and Tv+ǫ with T , every component of Tv−ǫ ∩ S
can be isotoped in T to be disjoint from every component of
Tv+ǫ ∩ S.
The next definition hones in on the important values of the sweepout
which allow us to infer the topology of S from the structure of the
critical points. It is related to the idea of “mutuality” from [1].
Definition 4.2. Suppose that φ is a sweepout of N adapted to S with
level surfaces Tt. An interval [a, b] ⊂ (0, 1) with a < b is essential with
respect to φ if all of the following hold:
• a and b are regular values of φ|S,
• every arc of Tt ∩ S is essential in both Tt and S for all regular
values t ∈ [a, b]
The interval [a, b] is maximally essential with respect to φ if it is essen-
tial and if there is an interval [u, v] ⊃ [a, b] with u and v regular values
of φ|S such that there is exactly one critical value of φ|S in each of the
intervals [u, a] and [b, v] and, additionally, there is an arc or circle of
Tu ∩ S that is essential in Tu but bounds a disc in (Tu)↓ and there is
an arc or circle of Tv ∩ S that is essential in Tv but bounds a disc in
(Tv)↑. See Figure 3. When the sweepout is obvious from context, we
will simply say that [a, b] is essential or maximally essential.
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Here is the theorem which is key to our results:
Theorem 4.3. Let φ be a sweepout of N by T adapted to S with max-
imally essential interval [a, b]. Assume that no component of S is a
sphere or disc. Then:
(1) ∆bmin(T )(dAC(T )− 2) ≤
(
4g(S)− 4|S|+ 2|∂0S|
|∂LS|
)
+ 2
and
(2) ∆bmin(T )(dC(T )− 4) ≤
(
8g(S)− 8|S|+ 4|∂0S|
|∂LS|
)
+ 4,
where ∆ denotes the intersection number of the multislopes represented
by ∂LS and ∂LT .
In addition to the assumptions established at the start of this section,
for the remainder of this section we also assume that φ is a sweepout
by T adapted to S and with maximally essential interval [a, b] and that
no component of S is a disc or sphere.
The basic outline of the proof of Theorem 4.3 is as follows: Let Tt
be the level surface of φ at height t ∈ (0, 1). Since φ is adapted to S,
as t varies from a to b, the intersection Tt ∩ S is a collection of arcs
and circles whenever t is a regular value of φ|S. For heuristic purposes,
assume that all these arcs and circles are essential in both S and T
(this is close to being the case since the interval is essential). Then
each critical point of φ|S is a saddle singularity on S. These saddles
are “essential” and so contribute to −χ(S) (as observed by Bachman
and Schleimer [1]). This observation is formalized in Lemma 4.4.
As Tt passes through a saddle singularity of S, the isotopy classes in
T of the intersection arcs may change. We show that the total number
of times we have such a change is at least the product of the length of
a certain path in AC(T ) with quantities involving the bridge number
and |∂LS|. This is formalized in Lemma 4.5. The length of the path
is related in a straightforward way to dAC(T ) and dC(T ). The fact
that |∂LS| appears in the inequality allows us to obtain an inequality
involving just the genus of S and not merely its euler characteristic.
Before tackling the two parts of the proof, we make a few remarks
and definitions.
If T 6∈ PAC , then dAC(T ) = −∞ and Inequality (1) holds trivially.
Henceforth, we assume that if we are considering AC(T ), then T ∈
PAC. Similarly, if T 6∈ PC, then dC(T ) = −∞ and Inequality (2) holds
trivially. Henceforth, we assume that if we are considering C(T ), then
T ∈ PC.
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Recall that, for each regular value t, |∂LTt ∩ ∂LS| = |∂LT ∩ ∂LS| and
there is a canonical identification of the points of ∂LTt ∩ ∂LS with the
points of ∂LT ∩ ∂LS. Henceforth, we do not distinguish between the
points in ∂LTt ∩ ∂LS and the points in ∂LT ∩ ∂LS.
Let v1 < v2 < . . . < vk be the critical values of φ|S in [a, b] and
let a = t0 < t1 < . . . < tk = b be regular values of φ|S so that vi is
the unique critical value of φ|S in the interval [ti−1, ti]. Define a point
λ ∈ ∂LT ∩∂LS to be active at vi if as t varies from ti−1 to ti the isotopy
class of an arc in S with an endpoint λ changes. The arc of Tti−1 ∩ S
with an endpoint λ is said to be pre-active at vi and the arc of Tti ∩ S
with an endpoint λ is said to be post-active at vi. An arc is active if
it is pre-active or post-active at some vi. Let Q be the total number of
post-active arcs in S (where the count is taken over all critical values
vi). The number Q is also half the total number of times that points
in ∂LT ∩ ∂LS are active (observing that a point may be active more
than once). A critical value vi is active if there is an active arc at
vi. A critical point p is active if φ(p) is active. We note that, by the
definition of essential interval, the pre-image of an active critical value
contains an index 1 critical point. Let C be the set of active critical
points.
Passing through the critical points at height vi results in some arcs
and circles of Tti−1 ∩ S being banded to other arcs and circles. The
result of the banding are the arcs and circles of Tti ∩ S. Define a circle
component of Tti−1 ∩ S to be pre-active at vi if it is banded to a pre-
active arc at vi. Define it to be post-active at vi if it is banded to a
post-active arc at vi. A circle is active if it is pre-active or post-active
at some vi. By the definition of “pre-active” arc and “post-active” arc,
each active circle is essential in S. See Figure 4 for examples of active
critical points and active circles.
Suppose that c1 and c2 are distinct index 1 critical points both having
height vi. As t varies from ti−1 to ti, two disjoint bands are attached
to arcs and circles of Tti−1 ∩ S to produce Tti ∩ S. Say that c1 and c2
are connected if the union of the pre-active arcs and circles with the
two bands is connected. See Figure 5.
We now tackle the first part of the proof of Theorem 4.3.
Lemma 4.4. We have:
Q ≤ −2χ(S)
where Q is the total number of post-active arcs.
In the proof of Lemma 4.4, we relate Q, which is the number of
post-active arcs, to the euler characteristic of S by showing that active
critical points contribute in a lasting way to χ(S). We need to focus on
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Figure 4. Two examples of index 1 critical points on S.
In each example, the vertical line segments correspond to
portions of L. The top and bottom of each portion of S
are cut off by portions of Tti and Tti−1 respectively. In
each example, if the arcs α− and α+ are not isotopic, then
α− is pre-active at φ(p) and α+ is post-active at φ(p). On
the right, if the arcs α− and α+ are not isotopic, then the
circle γ is also post-active.
active critical points, as a non-active index 1 critical point may have
its contribution to χ(S) cancelled out by an index 0 critical point, for
example.
Proof. If c is the unique index 1 critical point with height vi ∈ [a, b],
then there are at most 2 post-active arcs in Tti ∩ S. If c1 and c2 are
index 1 critical points both having height vi, then there are at most 4
post-active arcs in Tti ∩ S. (If, as t passes through vi, the two bands
are attached to four distinct arc components of Tti−1 ∩S then there are
four post-active arcs at vi. If any of the four ends of the two bands
are adjacent to the same component of Tti−1 ∩ S, then there will be
fewer than 4 post-active arcs.) In S, the post-active arcs at Tti ∩S are
(pairwise) disjoint from the post-active arcs of Ttj ∩ S, for j 6= i, since
Tti ∩ Ttj = ∅. Thus, we have:
Observation 1: Q ≤ 2|C| where C is the set of active critical points.
Let P be the complement of an open regular neighborhood of the
active arcs and circles in S. Denote its components by P1, . . . , Pm. The
boundary of each Pk is the union of copies of active arcs and circles as
well as arcs or circles lying in ∂S ⊂ ∂N . Each Pk contains at most 2
active index 1 critical points of φ|S, and there is at most one Pk that
contains 2 active index 1 critical points. Let bk be the number of copies
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Figure 5. Three examples of distinct critical points at
the same height. The solid arcs which are horizontal
and, in the online version, black arise from the intersec-
tion Tti−1 ∩ S. The solid arcs which are not horizontal
and, in the online version, are green arise from the in-
tersection Tti ∩ S. The dashed lines represent the bands
which we attach to move from the arcs of intersection be-
fore the critical value to the arcs of intersection after the
critical value. The critical points lie at the intersection
of the dashed lines. The critical points on the left are not
connected and do satisfy condition (5) of Definition 4.1.
The critical points in the middle example are connected
and also satisfy condition (5) of Definition 4.1. The crit-
ical points on the right are connected and do not satisfy
condition (5) of Definition 4.1.
of active arcs in ∂Pk and define the index of Pk to be:
J(Pk) = (bk/2)− χ(Pk).
Since each active arc shows up twice in ∂P and since euler characteristic
increases by one when cutting along an arc, we have:
Observation 2: −χ(S) =
∑
k J(Pk)
Fix k. Since no component of S is a sphere or disc, Pk is not a sphere
or disc disjoint from ∂N . If Pk is a disc, its boundary cannot be an
active circle or contain only a single active arc as active circles and arcs
are essential in S. Thus, if Pk is a disc, J(Pk) ≥ 0. If Pk is not a disc,
−χ(Pk) ≥ 0. Therefore J(Pk) ≥ 0, for all k. In particular, J(Pk) ≥ 0
if Pk does not contain an active critical point.
Suppose that α is a pre-active arc at an active critical value vi. The
post-active arcs at vi are obtained by either banding α to another pre-
active arc β at vi, in which case we say that α is paired, or by banding
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α to itself or to a circle component of Tti−1 ∩ S, in which case we say
that α is solitary.
Suppose Pk contains a unique active critical point c ∈ Pk and let α
be a pre-active arc at c. If α is a paired arc at c, then bk ≥ 4 since there
must be at least two pre-active arcs and two post-active arcs. Then
J(Pk) ≥ (4/2)− 1 = 1. If α is a solitary pre-active arc at c ∈ C ∩ Pk,
then let γ be the pre-active circle that is either banded to α at c or
that results from banding α to itself at c. In this case, γ is essential
in S so Pk is not a disc and there are two active arcs in the boundary
of Pk so J(Pk) ≥ (2/2) − 0 = 1. Hence, if Pk contains a single active
index 1 critical point, then J(Pk) ≥ 1.
The analysis when Pk contains two active index 1 critical points is
similar, but somewhat more delicate. In this case, the index 1 critical
points must have the same height v and be connected. Note that
all post-active arcs and circles at v and all pre-active arcs and circles
at v are contained in ∂Pk. Furthermore, every component Pk that
contains a critical point contains at least two active arcs in its boundary.
Additionally, the bands must lie in Pk (since the bands, themselves,
contain the index 1 critical points). Let C− and C+ denote the number
of pre-active and post-active circles at v, respectively. Then if Pk is
a disc, we have that C− = C+ = 0 and bk must be 6, in which case
J(Pk) = 2. Suppose that Pk is not a disc. Then either C− + C+ ≥ 2
and bk ≥ 2; C− + C+ ≥ 1 and bk ≥ 4; or bk = 2 and Pk is not planar.
In any of these cases, J(Pk) ≥ 2. Consequently:
Observation 3:
∑
J(Pk) ≥ |C|.
Combining Observations 1, 2, and 3 completes the proof. 
We now show how to relate Q to paths in AC(T ). Before beginning,
we take note of the following arithmetic: Summing over the components
V of ∂LN we have, by the definition of ∆,
|∂T ∩ ∂S| ≥
∑
V |∂T ∩ V ||∂S ∩ V |∆
≥
∑
V 2bmin(T )|∂S ∩ V |∆
= 2bmin(T )|∂LS|∆
Lemma 4.5. There is a path
α = α0, α1, . . . , αℓ
in AC(T ) from the set of vertices represented by the arcs of Ta ∩ S to
the set of vertices represented by the arcs of Tb ∩ S such that:
(1) Each αi is represented by an arc of Tti ∩ S.
(2) Letting the length of α be ℓ, we have
ℓbmin(T )|∂LS|∆ ≤ Q
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Proof. Since arcs have two endpoints, the number Q is equal to half
the total number of times the points in ∂LT ∩ ∂LS are active. For a
point λ ∈ ∂LT ∩ ∂LS let nλ denote the number of times it is active.
Thus,
1
2
∑
λ∈∂LT∩∂LS
nλ = Q
Let λ0 be a point in ∂LT ∩ ∂LS which minimizes nλ. As we saw above,
the total number of points in ∂LT ∩ ∂LS is greater than or equal to
2bmin(T )|∂LS|∆
Thus,
nλ0bmin(T )|∂LS|∆ ≤ Q.
Let αi be the arc in Tti ∩ S with endpoint λ0. Then (after taking
isotopy classes in T ) the sequence
α0, α1, . . . , αn
is a sequence of vertices in AC(T ). For each i ∈ {0, . . . , n − 1}, the
vertex αi is either identical to the vertex αi+1 or αi and αi+1 are the
endpoints of an edge in AC(T ). Eliminating repetitions and renumber-
ing, we have our desired path in AC(T ). It has length ℓ = nλ0 . Thus
we have conclusions (1) and (2). 
We can now complete the proof of Theorem 4.3.
Proof of Theorem 4.3. By Lemma 4.4, Q ≤ −2χ(S). The interval [a, b]
is maximal, so there is an interval [u, v] ⊃ [a, b] such that u, v are regular
values of φ|S and so that there is a unique critical value in each of the
intervals (u, a) and (b, v). Furthermore, some component γu of Tu∩S is
essential in Tu and bounds a disc below Tu and some component γv of
Tv ∩ S is essential in Tv and bounds a disc above Tv. Each component
of Ta ∩ S is distance (in AC(T )) at most 1 from each component of
Tu ∩ S and each component of Tb ∩ S is distance at most 1 from each
component of Tv ∩ S.
Let α = α0, . . . , αℓ be the path in AC(T ) provided by Lemma 4.5.
Since dAC(α0, γu) ≤ 1 and dAC(αℓ, γv) ≤ 1, we have ℓ ≥ dAC(T )− 2.
Consequently, by Lemma 4.5, we have
(dAC(T )− 2)bmin(T )|∂LS|∆ ≤ −2χ(S).
Using the fact that
−2χ(S) = 4g(S)− 4|S|+ 2|∂0S|+ 2|∂LS|,
we obtain Conclusion (1).
Conclusion (2) follows immediately by applying Lemma 3.14 to Con-
clusion (1). 
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For convenience we observe that a stronger version of the inequali-
ties also hold when T is weakly ∂-reducible, even in the absence of a
maximally essential interval.
Lemma 4.6. Suppose that T is weakly ∂-reducible. Assume that no
component of S is a sphere or disc. Then:
∆b(T )(dAC(T )− 2) ≤
4g(S)− 4|S|+ 2|∂0S|
|∂LS|
+ 2
and
∆b(T )(dC(T )− 4) ≤
8g(S)− 8|S|+ 4|∂0S|
|∂LS|
+ 4
Proof. Since T is weakly ∂-reducible, dAC(T ) ≤ 1 and, by Lemma 3.14,
dC(T ) ≤ 2.
Suppose that the first conclusion does not hold. Then
−2 >
4g(S)− 4|S|+ 2|∂0S|
|∂LS|
Thus,
0 > 4g(S)− 4|S|+ 2|∂0S|+ 2|∂LS|
There must be some component S ′ of S for which
4 > 4g(S ′) + 2|∂0S
′|+ 2|∂LS
′|.
We must have g(S ′) = 0, and
3 ≥ 2(|∂0S
′|+ |∂LS
′|).
Since S ′ is not a sphere or disc, the right hand side is at least 4, which
is a contradiction.
Again we can obtain the second inequality by applying Lemma 3.14
to the first one. 
By a slight variation of the argument in the proof of Theorem 4.3,
we can give an alternative upper bound on bridge number of knots as
follows. This will give us our best results on reducing and toroidal
surgeries.
Theorem 4.7. Let T be a bridge surface for a knot L in a compact
orientable manifold M and let S be a properly embedded surface in N ,
no component of which is a disc or sphere. Assume that the slopes
induced by T and S have ∆ > 0. Assume, also, that dC(T ) ≥ 3, and
that there is a maximally essential interval for S relative to T . Then,
∆(b(T )− 4) ≤
4g(S)− 4|S|+ 2|∂0S|
|∂LS|
+ 2.
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Proof. Recall that Q is the number of post-active arcs, and that by
Lemma 4.4,
(3) Q ≤ −2χ(S).
Let [a, b] ⊂ [u, v] be a maximally essential interval for S relative to
T . Recall that
v1 < v2 < . . . < vn−1
are the critical values of φ|S in (a, b) and set t0 = a and tn = b. Let
ti = (vi + vi−1)/2. Let α be the arc or loop in Tu ∩ S that bounds a
compressing or boundary compressing disc for Tu that lies in T ↓ and let
β be the arc or loop in Tv ∩ S that bounds a compressing or boundary
compressing disc for Tv that lies in T ↑. (In particular α and β are
essential in Tu and Tv respectively.)
A constant path is a sequence of inactive arcs κ1, . . . , κn with κi ⊂
Tti ∩ S and all κi mutually isotopic in both S and T .
Suppose that (κi) is a constant path and canonically identify each
Tt with T . Recall that the interior of κ1 is disjoint from α, the interior
of κn is disjoint from β, and κ1 and κn are isotopic (relative to their
endpoints) in T . In particular the isotopy classes of α, κ1, and β are a
path of length 2 in AC(T ). If no component of ∂T which is incident to
κ1 is also incident to α or β, then the induced path γ0, γ1, and γ2 in
C(T ), has length 2, as in Figure 6. However, γ0 ∈ D↓ and γ2 ∈ D↑, so
dC(T ) ≤ 2, contradicting the hypotheses of the theorem. Consequently,
whenever (κi) is a constant path, one endpoint of κ1 lies in a component
of ∂T adjacent to α or β.
Recall that a point of ∂LT ∩∂LS is active if the adjacent arc of T ∩S
changes isotopy class in T at some critical value of φ|S. A point is
inactive if it is not active at any critical value. Each inactive point
is an endpoint of an arc in a constant path. Since dC(T ) ≥ 3, each
arc in a constant path is incident to one of the components of ∂LT
incident to either α or β. There are at most 4 components of ∂LT
incident to α ∪ β, so there are at most 8 components of ∂LT incident
to an arc in a constant path. Because L is a knot, each component of
∂LT has exactly |∂LS|∆ points of intersection with ∂LS. Hence, there
are at most 8|∂LS|∆ inactive points in ∂LT ∩ ∂LS. There are exactly
2b(T )|∂LS|∆ points in ∂LT∩∂LS, so there are at least (2b(T )−8)|∂LS|∆
active points. Each active arc is incident to two active points. Thus,
by Inequality (3),
(b(T )− 4)|∂LS|∆ ≤ Q ≤ −2χ(S).
We have −2χ(S) = 4g(S)− 4|S|+ 2|∂0S|+ 2|∂LS|. Consequently,
(b(T )− 4)∆ ≤
(
4g(S)− 4|S|+ 2|∂0S|
)
/|∂LS|+ 2.
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α
β
κ1
γ0
γ1
γ2
Figure 6. The loops γ0, γ1, and γ2 enclosing α, β, and
κ1 (respectively) and the boundary components of T in-
cident to their endpoints form a path of length 2 in C(T ).

5. Bounds for essential surfaces
In this section, assume that S is an essential, compact, orientable
surface properly embedded in N = M(L), with L a link and N irre-
ducible and ∂-irreducible. We show that the genus of S produces an
upper bound on the product of the bridge number and distance of T ,
a sloped Heegaard surface for N . As usual, let σ be the multislope
represented by ∂LS and τ the multislope represented by T . Assume,
as usual, that ∆(σ, τ) ≥ 1.
We begin by showing that there is a maximally essential interval for
a sweepout of N by T , adapted to S. The proof is standard and can,
in essence, be found in Gabai’s original use of thin position [16].
Lemma 5.1. Suppose T is a strongly ∂-irreducible sloped Heegaard
surface for N and S is essential. Then there is a sweepout φ by T
adapted to S such that each critical value of φ|S has a unique critical
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point in its pre-image and so that there is a maximally essential interval
with respect to φ.
Proof. Let φ be a sweepout of N by T . By standard Morse theory
arguments and by choosing a flat metric on each component of ∂LN
and requiring that the boundaries of the level sets of φ be geodesics,
we may perturb φ so that φ is adapted to S and so that every critical
value of φ|S has a unique critical point in its preimage. Let
v0 = 0 < v1 < . . . < vn−1 < 1 = vn
be the critical values of φ|S and let Ii = (vi−1, vi). Label each of these
intervals with ↑ (respectively, ↓) if, for t ∈ Ii, some component of
Tt ∩ S is an essential loop in Tt that bounds a compressing disc above
(respectively, below) Tt or some component of Tt∩S is an essential arc
in Tt that bounds a ∂-compressing disc above (respectively, below) Tt.
The label is independent of the choice of t in the interval. Since T is
strongly ∂-irreducible, no interval is labelled both ↑ and ↓.
Suppose adjacent intervals Ii and Ii+1 have distinct labels. Let ti ∈ Ii
and ti+1 ∈ Ii+1. Since every critical value of φ|S has a unique critical
point in its preimage, then components of Ti+1 ∩ S are obtained from
the components of Ti ∩ S by inserting a nullhomotopic loop (if there
is a minimum at vi), deleting a nullhomotopic loop (if there is a max-
imum at vi), or by banding two (not necessarily distinct) components
of Ti ∩ S together (if there is a saddle at vi). In each of these cases
every component of Ti ∩ S can be isotoped to be disjoint from every
component of Ti+1 ∩ S. Since Ii and Ii+1 have distinct labels, this im-
plies that T is weakly ∂-reducible, a contradiction to our assumption
that T is strongly ∂-irreducible. Hence, no two adjacent intervals have
distinct labels.
When t is close to 1, since L is a link in bridge position with respect
to T , every arc of Tt ∩ S is essential in Tt and bounds a ∂-compressing
disc above Tt. Thus, In is labelled ↑. Similarly, I1 is labelled ↓. Thus
there are i and i′ with i < i′ − 1 so that Ii is labelled ↓, Ii′ is labelled
↑, and for each j with i < j < i′, the interval Ij is unlabelled. Choose
u ∈ Ii, v ∈ Ii′ and a ∈ Ii+1, b ∈ Ii′−1 with a < b. Then the interval
[a, b] is essential. To see this note that no arc of intersection can be
inessential on both S and T as otherwise we can reduce |S ∩ T |. As S
is essential, there is no arc that is inessential in T but essential in S.
The interval [u, v] ⊃ [a, b] certifies the fact that [a, b] is a maximally
essential interval. 
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Since we have a maximally essential interval with respect to φ, we can
use the genus of S to bound bridge number and distance of T . Recall
that we always assume that N =M(L) is irreducible and ∂-irreducible.
Theorem 5.2. Suppose that S ⊂ N is a σ-sloped essential surface,
no component of which is a disc or sphere. Suppose that T ⊂ N is a
τ -sloped Heegaard surface and that ∆ = ∆(σ, τ) ≥ 1. Then:
∆bmin(T )(dAC(T )− 2) ≤
4g(S)− 4|S|+ 2|∂0S|
|∂LS|
+ 2
and
∆bmin(T )(dC(T )− 4) ≤
8g(S)− 8|S|+ 4|∂0S|
|∂LS|
+ 4.
Proof. By Lemma 4.6, we may assume that T is strongly ∂-irreducible.
Let φ be a sweepout representing T . By Lemma 5.1, φS has a maxi-
mally essential interval. By Theorem 4.3 we have our conclusion. 
Specializing to the situation of knots in closed manifolds, we obtain:
Theorem 5.3. Suppose that L is a knot with irreducible and ∂-irreducible
exterior in a closed, orientable 3-manifold M . Let M ′ be the result of
non-trivial Dehn surgery on L with surgery distance ∆. Then:
• if there is no closed, connected, orientable, separating, essential
surface of genus g in the exterior of L, and if M ′ contains such
a surface, then
∆b(L)(dAC(L)− 2) ≤ max(1, 2g).
and
∆b(L)(dC(L)− 4) ≤ max(2, 4g)
• if there is no closed, connected, orientable, non-separating, es-
sential surface of genus g in the exterior of L, and if M ′ con-
tains such a surface, then
∆b(L)(dAC(L)− 2) ≤ max(1, 4g − 2)
and
∆b(L)(dC(L)− 4) ≤ max(2, 8g − 4)
Proof. If M ′ contains a closed, connected, orientable, separating essen-
tial surface of genus g, let S be such a surface, chosen so as to intersect
L∗, the surgery dual to L, minimally out of all such surfaces. Oth-
erwise, if M ′ contains a closed, connected, orientable non-separating
surface of genus g, let S be such a surface, chosen so as to intersect L∗
minimally, out of all such surfaces. We may assume that S intersects
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L∗. By the minimality property of S, it is easy to see that S = S∩M(L)
is essential in M(L) = N .
Let T be any bridge surface for (M,L) which minimizes the pair
(g(T ), b(T )) lexicographically. By Theorem 5.2, we conclude
∆b(L)(dAC(T )− 2) = ∆b(T )(dAC(T )− 2)
≤ 4g−4
|∂LS|
+ 2
If g = 0, then
∆b(L)(dAC(T )− 2) < 2.
Since the left hand side is either −∞ or an integer, we have
∆b(L)(dAC(T )− 2) ≤ 1.
If g ≥ 1, then 4g−4
|∂LS|
≤ 4g − 4 and we have
∆b(L)(dAC(T )− 2) ≤ 4g − 4 + 2 = 4g − 2.
If S is separating, we can do better. For in that case, |∂LS| ≥ 2 and
so, if g ≥ 1, we have
∆b(L)(dAC(T )− 2) ≤ 2g − 2 + 2 = 2g.
Thus, independent of the genus of S, if S is separating we have:
∆b(L)(dAC(T )− 2) ≤ max(1, 2g),
and if S is non-separating, we have
∆b(L)(dAC(T )− 2) ≤ max(1, 4g − 2).
Since these inequalities hold for all bridge surfaces T realizing the Hee-
gaard genus of M and the bridge number of L, we have our desired in-
equalities for dAC. The inequalities for dC follow from Lemma 3.14. 
6. The graphic
As usual, let L ⊂ M be a link in a compact, orientable 3-manifold
such that N = M(L) is irreducible and ∂-irreducible. Let S be either
a sloped Heegaard surface for N or a thick surface of a sloped general-
ized Heegaard surface for N . Let ∂LN be the non-empty union of all
components of ∂N \ ∂M which have non-trivial intersection with ∂S.
(In this section, we do not require that ∂LN = ∂N \ ∂M .) Let T be
a sloped Heegaard surface for N inducing the meridional (for L ⊂ M)
multislope τ on ∂LN . Let S have boundary slope σ on ∂LN and assume
∆(σ, τ) > 0.
Let φT be a sweepout of N associated to T and let φS be either a
sweepout or a partial sweepout of N associated to S. Assume that the
boundary of each level surface of φS intersects the boundary of each
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level surface of φT minimally in each component V of ∂LN . (This is
possible, for example, by choosing a flat metric on each V and requiring
that the boundaries of the level sets be geodesics.)
Consider the product map φT × φS : N → [0, 1] × [0, 1]. Each
point (t, s) in the interior of the square represents a pair of surfaces
Tt = φ
−1
T (t) isotopic to the surface T and Ss = φ
−1
S (s) isotopic to
the surface S. Recall that (Ss)↓ and (Ss)↑ denote the intersection of
compressionbodies to either side of Ss with N .
The graphic is the union of ∂([0, 1] × [0, 1]) with the subset of the
square consisting of all points (t, s) where Tt and Ss are tangent. A
region of the graphic is a component of the complement of the graphic
in the unit square. We say that φT ×φS is generic if it is stable [33] on
the complement of the spines and each line {t} × [0, 1] and [0, 1]× {s}
contains at most one vertex of the graphic. (Stable functions are those
which, in the words of [33], have the property that “small perturba-
tions do not change the topology”. Stable maps provide an alternative
approach to the graphic from Cerf theory.) The vertices of the graphic
in the interior of [0, 1]× [0, 1] are valence four (crossings) and valence
two (cusps). By general position of the spines, there are finitely many
points of the graphic which do not have a neighborhood homeomor-
phic to R. Moreover, we can consider the graphic to be a finite planar
graph. The vertices in the corners of the boundary correspond to points
of intersection in ∂LN between the union of components of ∂0N with a
spine of φS and the union of components of ∂0N and a spine of φT . All
other vertices in the boundary of the graphic are valence one or two.
We model our analysis of the graphic on that of Johnson [33].
For (t, s) ∈ (0, 1)× (0, 1) a regular value of φT × φS we say that Tt
is essentially above Ss if there exists a component l ⊂ Ss ∩ Tt that is
an essential arc or circle in Ss but bounds a compressing or boundary
compressing disc for Ss contained in (Ss)↓. Similarly, we say that Tt
is essentially below Ss if there exists a component l ⊂ Ss ∩ Tt that is
an essential arc or circle in Ss and bounds a compressing or boundary
compressing disc for Ss contained in (Ss)↑.
Let Qa (Qb) denote the points in (0, 1)× (0, 1) such that Tt is essen-
tially above (below) Ss.
Remark 6.1. If the sloped Heegaard surface or thick surface S is
compressible into S↓, then any spine for S↓ will have an edge e. If for
t0 ∈ (0, 1) the surface Tt0 is transverse to e and if ǫ > 0 is small, then a
curve of Tt0 ∩ Sǫ corresponding to a meridian for e will be an essential
curve in Sǫ bounding a disc in (Sǫ)↓. In this case, (t0, ǫ) ∈ Qa. Thus, if
S is compressible in S↓, every open neighborhood of the bottom edge
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of the graphic has non-trivial intersection with Qa. Similarly, if S is
compressible in S↑, every open neighborhood of the top edge of the
graphic has non-trivial intersection with Qb. Thus, when S is strongly
∂-irreducible, every open neighborhood of the bottom edge of graphic
has non-trivial intersection with Qa and every open neighborhood of
the top edge of the graphic has non-trivial intersection with Qb.
s s
t t
Qb Qb
Qa Qa
Figure 7. The graphic on the left represents the situ-
ation when φS essentially spans φT . The graphic on the
right represents the situation when φS essentially splits
φT . The dashed horizontal line on the left is at s = s0
in the Definition 6.2. The dashed horizontal line on the
right is at height s = s0 in Definition 6.4. This figure is
adapted from [34, Figure 2].
6.1. Spanning.
Definition 6.2. The sweepout or partial sweepout φS essentially spans
the sweepout φT if there exist t1, t2, s0 in (0, 1) such that (t1, s0) ∈ Qa
and (t2, s0) ∈ Qb, as on the left in Figure 7. Observe that if (Qa ∩Qb)
is not empty, then φS essentially spans φT since Qa and Qb are open
subsets of (0, 1)× (0, 1). Additionally, in the case that (Qa∩Qb) is not
empty, since Qa and Qb are open, we can assume t1 < t2.
Lemma 6.3. Suppose that φS is a sweepout or partial sweepout that
essentially spans the sweepout φT . Then S is weakly ∂-reducible.
Proof. Choose s0, t1, t2 as in Definition 6.2. Without loss of generality,
t1 < t2. Let T̂ = Tt1∪Tt2 . Let lk ⊂ Ss0∩Ttk be a component such that lk
is essential in Ss0 and bounds a compressing or boundary compressing
disc Dk for Ss0 lying in (Ss0)↓ if k = 1 and in (Ss0)↑ if k = 2. Since Tt1
and Tt2 are disjoint, ∂D1 and ∂D2 are disjoint. 
6.2. Splitting.
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Definition 6.4. The sweepout or partial sweepout φS essentially splits
the sweepout φT at s0 ∈ (0, 1) if Qa and Qb are both non-empty and if
for all t, the point (t, s0) is in neither Qa ∪Qb nor in the set of vertices
of the graphic. The right side of Figure 7 shows an example where φS
essentially splits φT at some s0.
The sweepout or partial sweepout φS weakly splits the sweepout φT
at s0 ∈ (0, 1), if the following hold:
• Qa and Qb are both non-empty,
• for all t ∈ (0, 1), the point (t, s0) 6∈ (Qa ∪Qb),
• there exists t0 ∈ (0, 1) such that (t0, s0) is a valence 4 vertex of
the graphic,
• The point (t0, s0) is in the intersection of the closures of Qa and
Qb.
Lemma 6.5. Suppose φS is a generic sweepout or a partial sweepout
that essentially splits or weakly splits the sweepout φT at s0. If φS is a
partial sweepout, assume that the thin surfaces for the associated sloped
generalized Heegaard surface are incompressible and ∂-incompressible.
Assume also that both T and S are strongly ∂-irreducible. Then there
exists a maximally essential interval [a, b] ⊂ (0, 1) for the sweepout
φT × φS(t, s0) of N .
Proof. For convenience, let hT (t) = φT × φS(t, s0). Note that, by con-
struction for each regular value t ∈ (0, 1), Tt = h
−1
T (t) is a surface in N
properly isotopic to T .
Claim 1: hT is adapted to Ss0 .
By the properties of the graphic and the definition of “weakly splits”
and “essentially splits”, hT satisfies conditions (1)-(4) of Definition 4.1.
We show that it also satisfies condition (5).
Suppose that (t0, s0) is a valence four vertex of the graphic in the
intersection of the closures of Qa and Qb. Let ǫ > 0 be small enough
so that (t0, s0) is the unique vertex of the graphic in the ǫ ball centered
at (t0, s0). Either (t0, s0 + ǫ) ∈ Qb and (t0, s0 − ǫ) ∈ Qa or vice versa.
Since S is strongly ∂-irreducible, this implies that, in S, there is some
component of N = Tt0 ∩ Ss0+ǫ which cannot be isotoped to be disjoint
from some component of S = Tt0 ∩ Ss0−ǫ.
To show that (5) holds, we must show that each component of W =
Tt0−ǫ ∩ Ss0 can be isotoped in T to be disjoint from each component
of E = Tt0+ǫ ∩ Ss0 . (The following argument is essentially that of
[47, Lemma 5.6].) To see this, note that to go from S toN we attach two
disjoint bands b1 and b2. To go from S to E we attach b1 and to go from
S to W we attach b2. To go from E to N we attach b2 and to go from
W to N we attach b1. If the ends of b1 and b2 are adjacent to different
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components of S or if the ends of b1 and b2 are adjacent to the same
side of the same component, then by moving those components slightly
in the direction opposite the side to which the bands are incident, we
see that S is disjoint from N in S. But this contradicts the observation
that some component of S cannot be isotoped to be disjoint from some
component of N. Then, an end of b1 and an end of b2 are adjacent
to opposite sides of the same component ν of S. If the other ends of
b1 and b2 are adjacent to a component ν
′ of S then those ends must
be adjacent to opposite sides of ν2, for else one of b1 or b2 would be
a band with ends attached to opposite sides of a component of E or
W, a contradiction to the orientability of S and T . Thus, the arcs
and loops that result from attaching b1 to S can be isotoped to be
disjoint from the arcs and loops that result from attaching b2 to S
(push each component a little in the direction that the bands approach
from). Hence, each component of E is isotopically disjoint from each
component of W. See Figure 8 for an example. (Claim 1)
Figure 8. An example showing how attaching bands
creates disjoint curves depending on the positioning of
the endpoints of the bands. The top diagram on the left
and right shows pre-active arcs with the bands. The sec-
ond row on each side shows the post-active arcs. On the
left, the bands are incident to opposite sides of the same
pre-active arc and on the right the bands are incident to
the same side of a pre-active arc.
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Claim 2: Every arc or loop in the intersection Ss0∩Tt that is trivial
in Tt must also be trivial in Ss0.
Let F0 be the (possibly empty) thin surface immediately below S
and let F1 be the (possibly empty) thin surface immediately above S.
Recall that they are incompressible and ∂-incompressible in N .
If there were a trivial loop or arc of Ss0∩Tt in Tt that was essential in
Ss0, then an innermost such loop or outermost such arc β would bound
or cobound a disc D in Tt. Isotope D fixing β so that the number
of components of D ∩ (F0 ∪ F1 ∪ Ss0) is minimized. Suppose α is an
outermost arc or innermost loop of D ∩ (F0 ∪ F1 ∪ Ss0) in D. If α is
contained in F0∪F1, then, by irreducibility of N and incompressibility
and ∂-incompressibility of F0 ∪ F1, we can isotope D to decrease the
number of components of D ∩ (F0 ∪ F1 ∪ Ss0). If α is contained in Ss0,
then it must be trivial in Ss0 since β is an innermost essential loop or
an outermost essential arc. Since α is trivial in both Ss0 and D and
since N is irreducible and boundary irreducible, there is an isotopy of
D that decreases the number of components of D ∩ (F0 ∪F1 ∪ Ss0). In
either case, we arrive at a contradiction, so we can assume the interior
of D is disjoint from F0 ∪ F1 ∪ Ss0. Hence, after an isotopy, the disc
D is completely contained in either (Ss0)↓ or (Ss0)↑, contradicting the
assumption that (t, s0) is disjoint from Qa and Qb for all t. We conclude
that every arc or loop of Ss0 ∩ Tt is either essential in Tt or trivial in
both surfaces. (Claim 2)
On the other hand, a loop or arc in the intersection may be trivial
in Ss0 but essential in Tt. In fact, for values of t near 0, such loops/arc
must exist and will bound compressing discs and boundary compressing
discs, respectively, in (Tt)↓. For t near 1, such loops and arcs will bound
discs in (Tt)↑. Since T is strongly ∂-irreducible, Gabai’s argument (as in
the proof of Lemma 5.1) shows that there exists a maximally essential
interval. 
Finally, we observe:
Corollary 6.6. Let T be a τ -sloped Heegaard surface for N and let S
be a strongly ∂-irreducible thick surface for a generalized σ-sloped Hee-
gaard splitting of N satisfying conclusions (1), (2), (4), (5) of Theorem
3.1. Assume that ∆(σ, τ) ≥ 1. Then
∆bmin(T )(dAC(T )− 2) ≤
4g(S)− 4|S|+ 2|∂0S|
|∂LS|
+ 2
and
∆bmin(T )(dC(T )− 4) ≤
8g(S)− 8|S|+ 4|∂0S|
|∂LS|
+ 4
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Proof. If T is weakly ∂-reducible, by Lemma 4.6, the desired inequali-
ties hold. We assume, therefore, that T is strongly ∂-irreducible.
Let φS and φT be (partial) sweepouts corresponding to S and T so
that φT × φS is generic. By hypothesis, if S is a thick surface for a
sloped generalized Heegaard surface, then the thin surfaces for that
sloped generalized Heegaard surface are essential. Since L is a link,
they are incompressible and ∂-incompressible. Since S is strongly ∂-
irreducible, by Lemma 6.3, φS does not span φT and, by definition of
strong ∂-irreducibility, Qa and Qb are both non-empty.
Suppose that A andB are two distinct regions of the graphic adjacent
to a vertex (t0, s0) of the graphic of valence 2. As (t0, s) passes through
(t0, s0), a center tangency and a saddle tangency between the surfaces
Tt0 and Ss are cancelled. Hence, a point of A belongs to Qa or Qb if
and only if a point of B belongs to Qa or Qb respectively.
Let [0, s0] be the largest interval such that [0, 1] × [0, s0] is disjoint
from Qb. Since φS does not span φT , s0 6= 0. Note that the line
defined by s = s0 must pass through a vertex of the graphic. By the
previous paragraph, that vertex has valence 4. Let ǫ > 0 be small
enough so that there is no vertex of the graphic in the region {(t, s) :
s0 − ǫ ≤ s < s0}. By the choice of s0, the line s = s0 − ǫ is disjoint
from Qb. If it is also disjoint from Qa, then φS essentially splits φT at
s0 − ǫ. If the line s = s0 − ǫ intersects Qa, then φS weakly splits φT
at s0. In either case, by Lemma 6.5, φT is adapted to Ss0 and there
exists s′0 ∈ (0, 1) such that there exists a maximally essential interval
[a, b] ⊂ (0, 1) for the sweepout φT×φS(s
′
0) of N . Our result then follows
from Theorem 4.3. 
7. Alternately sloped Heegaard surfaces
Rather than examining elementary consequences of Corollary 6.6, we
move on to consider the general case for when S is a, possibly weakly
reducible, bridge surface. For simplicity, we examine only the case
when L is a knot in a closed 3-manifold.
Theorem 7.1. Assume that L is a knot in a closed, orientable 3-
manifold M having irreducible and ∂-irreducible exterior. Let M ′ be
the result of a non-trivial Dehn surgery on L and let g be the Heegaard
genus of M ′. Let L∗ be the surgery dual to L. Then one of the following
holds:
(1) We have
b(L)(dAC(L)− 2) ≤ max(1, 2g)
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and
b(L)(dC(L)− 4) ≤ max(2, 4g)
(2) M(L) has a Heegaard surface of genus g.
(3) M contains an essential surface of genus strictly less than g
intersecting L transversally at most twice.
(4) M(L) contains an essential surface of genus strictly less than
g and L∗ is isotopic into the surface. Furthermore, the dual
surgery on L∗ creating M from M ′ has surgery slope equal to the
slope of the boundary of the surface after L∗ has been isotoped
to lie in it.
Proof. As before we let N = M(L) and for any surface X in M we let
X = N ∩X . In what follows, whenever we have shown an inequality
for dAC, we will deduce the corresponding inequality for dC by using
Lemma 3.14.
Let L∗ ⊂ M ′ be the surgery dual to L. Let S be a bridge surface
for (M ′, L∗) chosen so that S has genus g and, out of all such bridge
surfaces, minimizes |L∗ ∩ S|. In particular, S is not stabilized or per-
turbed. If S is removable, S is isotopic to a Heegaard surface for N and
we have conclusion (2). Assume, therefore, that S is not removable.
Let σ be the slope in ∂LN which is represented by ∂S.
Let T be a bridge surface for (M,L) so that g(T ) is the Heegaard
genus of M and so that b(T ) = b(L). We will show that either conclu-
sions (2), (3), or (4) hold or that:
(4) b(T )(dAC(T )− 2) ≤ max(1, 2g)
In which case, we can conclude that if (2), (3) and (4) do not hold,
then since this inequality holds for all bridge surfaces T such that
g(T ) is the genus of M and b(T ) = b(L), we will have deduced that
conclusion (1) holds.
By Theorem 3.1 (applied to S) there is a σ-sloped generalized Hee-
gaard splitting (F ,S) with the following properties:
(T1) Each component of F is essential in N .
(T2) Each component of S is strongly irreducible in its component
of the closure of N \ η˚(F).
(T3) Each component J of S∪F has genus no greater than g, |∂LJ | ≤
|∂LS| and J is obtained by compressing S in N = M(L). Fur-
thermore if F is non-empty, at least one such compression has
taken place for each component of F ∪ S.
(T4) No component of S is perturbed or removable in its component
of the closure of N \ η˚(F).
(T5) Each component of S is separating in N .
EXCEPTIONAL SURGERIES 40
We first consider the case when there is a thin surface with boundary.
In this case we use Theorem 5.2 to get the desired bound. Subsequently,
we may then assume that F is closed. We then single out a particular
component S∗ of S. The remaining cases correspond to whether S∗ is
strongly ∂-irreducible or cancellable.
Case 1: There is a component of F with non-empty boundary.
Let C ⊂ M ′ \ η˚(F ∪ S) be a compressionbody component so that
∂−C ∩ L
∗ 6= ∅. Since ∂+C is separating in M
′, |∂−C ∩ L
∗| ≥ 2. Let
F = ∂−C. (F may be disconnected). Observe that no component of
F is a disc or sphere, since F is essential in N and N is irreducible
and boundary-irreducible. Since F is obtained by compressing ∂+C,
we have
g(F ) ≤ g(∂+C) ≤ g(S) = g.
Apply Theorem 5.2 to F in place of S to deduce
b(T )(dAC(T )− 2) ≤
4g(F )− 4|F |
|∂LF |
+ 2
If g(F ) = 0, we have
b(T )(dAC(T )− 2) < 2
Since the left hand side is an integer, we conclude that
b(T )(dAC(T )− 2) ≤ 1,
as desired.
If g(F ) ≥ 1, since |∂LF | ≥ 2, we have
b(T )(dAC(T )− 2) ≤ 2g(F ) ≤ 2g(S),
as desired. (Case 1)
Henceforth, we assume that F is closed. The 3-manifold N \ F has
a component N ′ which intersects L∗. Let S∗ = S ∩N ′.
Case 2: S∗ is weakly ∂-reducible in N .
Since F is disjoint from L∗ and L∗ is connected, then L∗ is contained
in N ′. Since the boundary of the closure of N ′ is essential in N , L∗ is
contained inN ′ andN is irreducible, then any compressing or boundary
compressing disk for S∗ in N can be isotoped to lie in N ′. Thus, S∗
is weakly ∂-reducible but strongly irreducible in N ′. Hence, S∗ must
be cancellable or perturbed in N ′. By property (T4), S∗ cannot be
perturbed, so it must be cancellable. Let R be a cancelled bridge
surface (obtained by cancelling S∗) and let ρ be the slope of ∂R on
∂LN . By Lemma 3.3, the surface R is essential in N and one of the
following holds:
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(Ca) after Dehn filling ∂M(L) with slope ρ and capping ∂R with
discs, we obtain an incompressible surface in the filled manifold.
(Cb) L∗ is isotopic into a component F = F of F adjacent to S∗.
Furthermore, in M ′, F and S∗ bound a product compression-
body.
Case 2a: ∆(ρ, τ) ≥ 1.
Since ∆(ρ, τ) ≥ 1, we can apply Theorem 5.2 to R. In this case,
(following the arithmetic of Case 1), we conclude that
b(T )(dAC(T )− 2) ≤ max(1, 2g(R)) ≤ max(1, 2g(S))
since |∂R| ≥ 2 and g(R) = g(S∗) ≤ g(S).
Case 2b: ∆(ρ, τ) = 0.
If R is connected, then it has genus one less than the genus of S∗.
If R is disconnected, then the sum of the genera of its components is
equal to the genus of S∗. Since L∗ is connected and since its exterior
is ∂-irreducible, no component of R is a disc.
If (Ca) occurs, we have Conclusion (3). Assume, therefore, that (Cb)
occurs.
The surface S∗ is obtained by compressing S in N . Since F 6= ∅,
there is at least one compression. Let D ⊂ N be the first compressing
disc for S in a sequence of compressions leading to S∗ and let S ′ be the
surface resulting from compressing along D. If ∂D doesn’t separate
S, then the compression strictly reduces the genus of S and we can
conclude that g(S∗) ≤ g(S ′) < g(S). If ∂D does separate S, then
either both components of S ′ have genus strictly less than the genus of
S or one of them is a planar surface P . Since |S∗∩L∗| = 2 and since S∗
is obtained via compressions in N from S, we must have |S ∩ L∗| = 2.
Each thick surface in S is separating, so P is an annulus and S ′ \ P
is closed. Continuing on through the sequence of compressions, we
discover that if g(S∗) = g(S) then S∗ must be a closed surface. But this
contradicts the fact that |L∗ ∩ S∗| = 2. Hence, g(R) = g(S∗) < g(S).
Since F is parallel to R, we have g(F ) < g(S). Since all components of
F are essential in N and are closed surfaces, we have Conclusion (4).
Case 3: S∗ is strongly ∂-irreducible in N .
By Corollary 6.6, we have
b(T )(dAC(T )− 2) ≤
4g(S∗)− 4
|∂LS∗|
+ 2
Since |∂LS
∗| ≥ 2 and g(S∗) ≤ g(S), we again get Inequalities (4).
(Case 3) 
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8. Bounding distance and bridge number
In Theorem 7.1, the possibility that there is an essential meridional
surface of genus g with two boundary components, that there is a
Heegaard surface of genus g for the complement of L, or that there is
a closed essential surface in the exterior of L ruin the ability to bound
the distance of L purely in terms of the genus g(S). In this section, we
observe that a theorem of Tomova allows us to bound distance even in
these cases.
Theorem 8.1 (Theorems 5.7 and 10.3 of [56]). Suppose that L is a
non-trivial knot in a closed, orientable, irreducible 3-manifold M . Let
T be a bridge surface for (M,L).
• Suppose that S ⊂ M is a surface transverse to L such that
S ⊂M(L) is not a sphere and is essential in M(L). Then
dC(T ) ≤ max(3, 2g(S) + |S ∩ L|).
In fact, if, in addition, S = S and if S is a torus, then dC(T ) ≤
2.
• If S is a Heegaard surface for M(L), then
dC(T ) ≤ 2g(S).
We can combine these results with our previous work to obtain a
bound on distance.
Theorem 8.2. Assume that M is closed, orientable and irreducible
and that L ⊂ M is a knot with irreducible and ∂-irreducible exterior
N =M(L). Let M ′ be the result of non-trivial Dehn surgery on L and
let g be the Heegaard genus of M ′. Then
dC(L) ≤ max
( 2
b(L)
+ 4,
4g
b(L)
+ 4, 2g + 2
)
.
Proof. Since 3 is always less than the right hand side of the desired
inequality, we may assume that dC(L) ≥ 4. By Theorem 7.1, one of
the following occurs:
(1) We have
b(L)(dC(L)− 4) ≤ max(2, 4g)
(2) M(L) has a Heegaard surface of genus g.
(3) M contains an essential surface of genus strictly less than g
intersecting L transversally at most twice.
(4) M(L) contains an essential surface of genus at most g − 1 and
L∗ is isotopic into the surface. Furthermore, the dual surgery
on L∗ creating M from M ′ has surgery slope equal to the slope
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of the boundary of the surface after L∗ has been isotoped to lie
in it.
If conclusion (1) occurs, then
dC(L) ≤
max(2, 4g)
b(L)
+ 4,
as desired.
Suppose that conclusion (2) occurs. Let T be a minimal bridge
surface for (M,L) and let S = S be a Heegaard surface of genus g for
M(L). By Theorem 8.1,
dC(T ) ≤ 2g ≤ max
( 2
b(L)
+ 4,
4g
b(L)
+ 4, 2g + 2
)
.
Suppose now that conclusion (3) occurs. Among all surfaces of genus
at most g(S)−1 which intersect L at most twice and which are essential
in M , choose F to minimize the pair (g(F ), |F ∩ L|) lexicographically.
We begin by showing that F = F ∩N is essential.
Suppose thatD is a compressing disc for F . Since F is essential inM ,
∂D bounds a disc in F . Thus ∂D, together with boundary components
of F bounds a subsurface A ⊂ F which is either an annulus or a pair
of pants. If A is an annulus, then N is ∂-reducible, a contradiction.
If A is a pair of pants, compressing F using D creates a meridional
annulus B in N . If B were not ∂-parallel, then B would be a surface of
lower complexity, contradicting our choice of F . Hence, B is ∂-parallel.
There is, therefore, an isotopy of F to be disjoint from L, contradicting
our choice of F . Hence, F is incompressible.
If F is ∂-compressible then, since ∂N is a torus, either F is compress-
ible or F is a ∂-parallel annulus. The former possibility contradicts the
previous paragraph and the latter means that we can isotope F to be
disjoint from L. That also contradicts our choice of F . Hence, F is
∂-incompressible.
Consequently, F is essential.
By Theorem 8.1, if T is a bridge surface for (M,L), then
dC(T ) ≤ max(3, 2g(F ) + 2) ≤ max
( 2
b(L)
+ 4,
4g
b(L)
+ 4, 2g + 2
)
.
Since, whenever T is a minimal bridge surface for (M,L) we have
dC(T ) ≤ max
( 2
b(L)
+ 4,
4g
b(L)
+ 4, 2g + 2
)
,
we have
dC(L) ≤ max
( 2
b(L)
+ 4,
4g
b(L)
+ 4, 2g + 2
)
,
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as desired.
Finally, if conclusion (4) occurs we deal with it in a similar way to
how we dealt with conclusion (2), only obtaining a better bound. 
We can now bound the distance of knots admitting exceptional and
cosmetic surgeries.
Theorem 8.3. Suppose that L is a knot in a closed, orientable, irre-
ducible 3-manifold M which has irreducible and ∂-irreducible exterior.
Let M ′ be a 3-manifold obtained by non-trivial Dehn surgery on L.
Then the following hold:
(1) If M = S3 and if M ′ is a lens space, then dC(L) ≤ 4.
(2) If M = S3 and if M ′ is a small Seifert fibered space, then
dC(L) ≤ 6.
(3) If M is hyperbolic and if M ′ is not hyperbolic, then dC(L) ≤ 12.
(4) If the Heegaard genus ofM ′ is at most g, then dC(L) ≤ max(6, 4g+
4).
Proof. By the Geometrization Theorem of Thurston and Perelman [42–44]
ifM ′ is non-hyperbolic, then it is reducible, toroidal, or a small Seifert-
fibered space. Small Seifert fibered spaces have Heegaard genus at most
2 [8]. If M ′ is reducible or toroidal, conclusion (3) follows from Theo-
rem 5.3.
By Theorem 8.1, if M(L) contains an essential meridional annulus
or an essential torus, then dC(L) ≤ 4. Assume, therefore, that there
is no such annulus or torus. Also, if M = S3, we may assume that
b(L) ≥ 3, as otherwise dC(L) = −∞.
Suppose, first, that M ′ is a lens space. Since M ′ is a lens space, it
has a genus g = 1 Heegaard surface S. Since M(L) is irreducible and
∂-irreducible, it does not have a Heegaard surface of genus g = 1 or
an essential sphere. If M contains an essential sphere intersecting L
once or twice, then we either violate the irreducible and ∂-irreducibility
of M(L) or M(L) contains an essential annulus, a contradiction. By
Theorem 7.1,
b(L)(dAC(L)− 2) ≤ 2.
Hence,
dAC(L) ≤
2
b(L)
+ 2 ≤ 4.
We obtain conclusion (3) by applying Lemma 3.14 and concluding that
dC(L) ≤ 8. If, in addition, M = S
3, then b(L) ≥ 3, and since dAC(L) is
an integer, we have dAC(L) ≤ 2. By Lemma 3.14, dC(L) ≤ 4, giving us
conclusion (1).
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Similarly, if M ′ is a small Seifert fibered space, conclusions (2) and
(3) follow from Theorem 8.2 by setting g(S) = 2, and using the fact
that if M = S3 then b(L) ≥ 3 and that dC(L) is an integer or −∞.
More generally, we note that if M ′ has Heegaard genus g, then
max
(
2
b(L)
+ 4,
4g
b(L)
+ 4, 2g + 2
)
≤ max(6, 4g + 4),
and so conclusion (4) also follows from Theorem 8.2. 
One particular application of Conclusion (4) from Theorem 8.3 is
the following Corollary. The proof follows immediately from the fact
that the Heegaard genus of S3 is 0. The corollary says, in essence, that
knots of high bridge distance do not admit non-trivial S3 surgeries.
Corollary 8.4. Suppose that L is a knot in a closed, orientable, irre-
ducible 3-manifold M which has irreducible and ∂-irreducible exterior.
If a non-trivial Dehn surgery on L produces S3, then dC(L) ≤ 6.
We can also obtain an improved bound on the bridge number of
knots admitting non-trivial reducible or toriodal surgeries.
Theorem 8.5. Suppose that L ⊂ S3 is a knot with dC(L) ≥ 3. Then:
(1) If non-trivial Dehn surgery on L produces a reducible 3-manifold,
then b(L) ≤ 5.
(2) If non-trivial Dehn surgery on L produces a toroidal 3-manifold,
then b(L) ≤ 6. Furthermore, if the surgery slope is non-longitudinal,
then b(L) ≤ 5.
Proof. Since dC(L) ≥ 3, by definition L is not the unknot, and so has
irreducible and ∂-irreducible exterior. Isotope L into a bridge posi-
tion with respect to a Heegaard sphere T in S3 minimizing b(L) and
with dC(T ) ≥ 3. If non-trivial Dehn surgery on L produces a reducible
3-manifold, in the surgered manifold choose a reducing sphere intersect-
ing the core of the surgery torus minimally. Since the exteriors of knots
in S3 are irreducible, the intersection S of the reducing sphere with
S3(L) is an essential planar surface in S3(L). Since T has dC(L) ≥ 3,
the surface T is strongly ∂-irreducible. By Lemma 5.1, there is a sweep-
out by T adapted to S so that there is a maximally essential interval.
By Theorem 4.7,
b(L)− 4 ≤ ∆(b(L)− 4) ≤
4g(S)− 4
|∂LS|
+ 2 < 2.
Since b(L) is an integer, b(L) ≤ 5.
If L has a toroidal surgery, then M ′ has an essential torus S such
that S is essential in N . If ∂LS = ∅, then, by Theorem 8.1, dC(L) ≤
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2, a contradiction. Hence, we can assume ∂LS 6= ∅. The proof is
now nearly identical to the proof of the reducing case in the previous
paragraph. 
Likewise, we can also obtain a bound on the bridge number of high
distance knots in terms of the genus of the knot.
Theorem 8.6. Suppose that L is a knot in a homology sphere M with
irreducible and ∂-irreducible exterior. If dC(L) ≥ 3 then
b(L) ≤ 4g(L) + 2,
where g(L) is the Seifert genus of L.
The proof is an easy combination of Theorem 4.7 and Lemma 5.1,
as in the proof of Theorem 8.5.
We conclude with a few consequences for exceptional surgeries and
cosmetic surgeries.
Corollary 8.7. Suppose that L ⊂ M is a hyperbolic knot in a closed
non-Haken 3-manifold such that dC(L) ≥ 3. Let M
′ be a 3-manifold
obtained by non-trivial Dehn surgery on M . Then the following hold:
(1) If M ′ is non-hyperbolic and if the tunnel number of L is at least
2, then b(L) ≤ 8
(2) If M ′ has Heegaard genus at most the Heegaard genus g of M
and if M(L) does not contain an essential surface of genus at
most g − 1, then b(L) ≤ 2g + 4.
Proof. Since M is non-Haken, there is no essential surface in M in-
tersecting L at most twice transversally. Since L is hyperbolic, there
is no essential sphere, annulus, disc, or torus in M(L). If M ′ is non-
hyperbolic it contains an essential sphere, an essential torus, or it has
Heegaard genus at most 2. Under the hypotheses of (1), the tunnel
number of L is at least 2, which implies that there is no Heegaard
surface for the exterior of L having genus 2.
If the tunnel number of L is at most g − 1, then there is a minimal
genus Heegaard surface for M which is also a Heegaard surface for
M(L). The knot L can be isotoped to be in bridge position with
respect to this surface so b(L) = 1 ≤ 2g + 4. Thus, Conclusion (2)
holds.
The theorem then follows from the proof of Theorem 7.1 except
using the bound from Theorem 4.7 in place of the inequalities from
Theorems 5.2 and 6.6. When applying Theorem 4.7, note that ∂0S =
∅, since we are in a closed manifold. Also, when S is a thin or thick
surface, arising from a Heegaard surface for M ′ we can assume that
|∂LS| ≥ 2, as in the proof of Theorem 7.1. 
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